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Abstract 

: 

We study the stochastic heat equation with trace class noise and zero Dirichlet 
boundary condition on a bounded polygonal domain O C M?. It is shown that 
the solution u can be decomposed into a regular part ur, and a singular part us 
which incorporates the corner singularity functions for the Poisson problem. Due 
to the temporal irregularity of the noise, both ur and us have negative L2-Sobolev 
regularity of order s < —1/2 in time. The regular part ur, admits spatial Sobolev 
'-^ . regularity of order r = 2, while the spatial Sobolev regularity of us is restricted by 

! r < 1 + tt/'j, where 7 is the largest interior angle at the boundary dO. We obtain 

estimates for the Sobolev norm of and the Sobolev norms of the coefficients of 
the singularity functions. The proof is based on a Laplace transform argument w.r.t. 
the time variable. The result is of interest in the context of numerical methods for 
1^ ' stochastic PDEs. 

O ■ Keywords: Corner singularity, Laplace transform, polygonal domain, Sobolev regularity, 
^ . stochastic heat equation, stochastic partial differential equation 
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; 1 Introduction 



Let (9 C be a (possibly non-convex) bounded polygonal domain, T G (0, 00) and 
let Aq : D{Aq) C ^2(0) -> L2{0) be the Laplace operator on O with zero Dirichlet 
boundary condition. In this paper, we analyse the regularity and the singular behavior of 
the -^2(0; ]R)-valued mild solution u = (M(t))te[o,T] to the stochastic heat equation 

duit) = [Agw(t) + F(w(t))]dt + G(w(t))dI^(t), t E [0,T], 
u{0) = uo, 
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where W = (W^(i))te[o,T] is a Wiener process in some Hilbert space U, and the nonhnear 
operators F and G are assumed to satisfy appropriate global Lipschitz conditions. 

We are in particular interested in an explicit bound for the L2(0)-Sobolev regularity of 
u, which is closely connected to the order of convergence that can be achieved by uniform 
numerical approximation methods if the error is measured in L2{0). In this respect, our 
result complements the Besov regularity results in [2], [3], which are related to the order 
of convergence for non-uniform, adaptive approximation methods. We refer to [7] or [21 
Section 1] for details on the connection between regularity and approximation. 

It is well known that the solutions to boundary value problems on non-smooth domains 
may have singularities at the boundary. In the deterministic setting, the singular behavior 
of the solutions has been analysed by many authors, e.g., by Borsuk and Kondratiev [1], 
Dauge [5], Grisvard [ID], [II], [12], [13], Jerison and Kenig [IS], [H], Kozlov, Maz'ya 
and RoBmann [21], [22], [SD] and Kweong [2B], just to mention a few. For piecewise 
smooth domains, the singularities can be described more or less explicitly. In the stochastic 
parabolic case, singularities at the boundary occur naturally even on smooth domains, 
cf. [8], [2H Section 1]. The reason is the low regularity of the noise term in time, which 
is in general incompatible with the boundary data unless the noise vanishes near the 
boundary. Thus, there are (at least) two possible sources for singularites of the solution 
u = (M(t))tg[o,T] to Eq. (11. ip : The corners of the boundary dO (as in the deterministic 
case) and the irregularity of the driving Wiener process W = (W{t))t^[Q^T]- 

The Dirichlet boundary value problem for stochastic parabolic equations has been stud- 
ied with the help of weighted Sobolev spaces H^ q^O), r ^ 0, by N.V. Krylov and collabora- 
tors; see, e.g., Krylov [21], Krylov and Lototsky [25], [2Z] and Kim [IH], [20]- These spaces 
are such that the higher order derivatives of functions belonging to them are allowed to ex- 
plode at the boundary. They have been used in the first place to handle the influence of the 
noise at the boundary for equations on smooth domains ([IS], [21], [26], [21]), but they are 
also well-suited to treat stochastic equations on non-smooth domains ([20])- However, the 
regularity results in terms of weighted Sobolev spaces do not imply explicit bounds for the 
regularity in scales of Sobolev spaces without weights. Moreover, the results in are the 
outcome of a worst-case analysis: the only assumption on the domain O is that the Hardy 
inequahty holds, but no specific geometric features of simple domains (such as polygonal 
domains) are exploited to optimize the results for such domains. As a consequence, there 
is no explicit description of the singularities of the solution that are due to the shape of 
the domain. The situation is in a certain sense similar when considering regularity results 
that have been obtained in the framework of other approaches to stochastic PDEs, such 
as the semigroup approach; see, e.g.. Da Prato and Zabzcyk [1], Jentzen and Rockner [15] . 
Kruse and Larsson [23J, van Neerven, Veraar and Weis [37], [38] • There, the spatial reg- 
ularity of the solution is typically measured in terms of the domains of fractional powers 
of the governing linear operator; in our case, in tems of the spaces D((— A^)'"/^) , r ^ 0. 
However, for non-smooth domains, the regularity of the solution in this scale differs from 
the regularity in the L2-Sobolev scale H^{0), r ^ 0. For instance, for non-convex polygo- 
nal domains, the functions in D{Aq) are in general not in the Sobolev space H^~^^^^{0), 
where 7 G (vr, 27r) is the largest interior angle at a vertice of dO, cf. [10] . Thus, if one 
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applies the typical regularity results from the semigroup approach to SPDEs to equations 
on non-smooth domains, the spatial singularities of the solution process induced by the 
shape of the domain remain somewhat hidden behind the abstract framework. 

We present a regularity result concerning the solution u = {u{t))te[o,T] to Eq. (11. ip 
which, on the one hand, gives an explicit bound for the L2(0)-Sobolev regularity of u 
and, on the other hand, describes the singular behavior of u induced by the shape of the 
domain. It is based on and improves in several directions the corresponding result in [23 
Chapter 4]. 

To give a first description of the result, assume for simplicity that, in a neighborhood 
of zero, the domain O coincides with the sector 

{x G : X = (xi,X2) = (r cos 6*, r sin 6*), r > 0, 9 E (0,7)}, 

where 7 G (7r,27r). Also assume that all interior angles at vertices of dO except the one 
at zero are smaller than vr. Set a := 71/7 G (1/2,1) and consider the corner singularity 
function for the Poisson problem 

S{x) := ri{x)r°' siia{a9), x = {r cos 9 , r sin 9) G O, 

where r/ is a smooth cut-off function that equals one near zero and vanishes in a neighbor- 
hood of the sides of dO which do not end at zero. Assume that u is continuous in L2{0] R) 
and that the noise term in (11.11) is regular enough for u to take values in Hq{0) and to 
satisfy sup^g^.T] ^11 '"(^) 11^/1(0) ^ ^5 where Hq{0) is the L2(C)-Sobolev space of order one 
with zero Dirichlet boundary condition. Denote by u+ the extension of u by zero to the 
whole time axis R and pick s > 1/2. Then, if {Q, A, P) is the underlying probability space. 
Theorem 13.31 below states that there exist 

M+,R e L2 {Q; H~'{R)^H\0)) and $ G L2 [Q; H^^-"'^/^-'{R)) 

with supp $(a;) C [0, 00) for P-almost all u E Q, such that the decomposition 

u+ = u+^n + ^ * EqS (1.2) 

holds as an equality in the space L2{^; H^^(R)^Hq{0)). Here <§) denotes the Hilbert- 
Schmidt tensor product, * is the convolution in time, and E'o : R x (9 — )■ R is an auxiliary 
kernel function with support in [0, 00) x O. Using a linear and bounded extension operator 
from H'^{0,T) to if''(R), we obtain in Corollary 13.51 a corresponding decomposition 

M = UR + Ug (1.3) 

in the space -L2(fi; (if''(0, T))'(8)iJQ (O)). The regular part satisfies 

and the singular part us contains the corner singularity function S. The precise meaning of 
the decompositions (II. 2p and (11.31) is explained in Sections [2] and [3] below. We also derive 
estimates for the norms of m+,r, mr and and we show that 

$(w) *EoS ^ /7"^(R)®i7^+"(C), Ms(w) ^ {H'{0, T))'®H^+''{0) 
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whenever is not zero. The random element $ G L2(^^; i/''^^"-'/^^*(R)) is determined 
by u, F, G and W. 

The fact that the components in the decompositions fll.2p and (11.31) have negative 
regularity in time is owed to the low temporal regularity of the driving Wiener process 
W = {W{t))tfz[o^T]- It is, so to speak, the price we pay for unveiling the structure of 
that part of the spatial singular behavior of u = (u(t))tg[o,T] which is due to the specific 
geometry of O. The decomposition (11. 2p can be considered as a stochastic version of 
Grisvard's result for the deterministic heat equation; cf. [HI Section 5], [121 Section 5.2]. 
We follow Grisvard's ansatz of using the Laplace transform w.r.t. the time variable t in 
order to turn the equation into an elliptic equation with parameter. The solution to the 
elliptic equation can then be decomposed explicitly into a regular and a singular part. 
In a last step, the Laplace transform is inverted. The main difficulty in the stochastic 
case is to handle the irregularity of the noise and, connected with it, to handle the fact 
that the stochastic integrals are not defined pathwise, but in an L2(P)-sense. Besides, it 
takes a careful analysis to keep track of the measurability in G f2 of all random objects 
appearing in the course of the calculations. We use Ito's formula to transform Eq. (II. ip into 
a random elliptic equation with complex parameter. The main technical tool to derive the 
necessary estimates for the regular and the singular part of the solution to the transformed 
equation is Lemma 15. 2[ which describes the effect of the temporal irregularity of the noise 
in an appropriate way. After choosing suitable versions of all random objects, the inverse 
transform can be carried out u hj u. We use a framework of tensor products of (duals 
of) Sobolev spaces to make sense of the resulting objects, which are random generalized 
functions in time when applied to spatial testfunctions. 

The article is structured as follows. In Section |2] we describe the setting and all assump- 
tions concering Eq. (II. ip (Subsection 12. ip . the framework of tensor products of Sobolev 
spaces and how the solution process u = (^i(i))tG[o,T] is embedded into this framework 
(Subsection 12. 2p . We follow the semigroup approach to SPDEs in Subsection 12. 1| but we 
note that this is not essential and that other approaches could be used to derive similar 
results. Several supplementary details concerning tensor products of Sobolev spaces are 
postponed to Appendix |Al In Section [3] we formulate our main result for the case of polyg- 
onal domains with exactly one non-convex corner in Theorem 13.31 Here, Corollary 13.51 
is stated and proved, and the results are illustrated with conrete examples. The exten- 
sions of Theorem 13.31 and Corollary 13.51 to the general case of arbitrary bounded polygonal 
domains are stated Appendix [Bl Auxiliary results concerning the Laplace transform (Sub- 
section 14. ip and the Helmholtz equation (Subsection 14. 2p are collected in Section |H The 
proof of Theorem 13.31 is given in Section |5l which consists of three subsections concerning 
the Laplace transform of Eq. (II. ip (Subsection 15. ip . the decomposition of the transformed 
equation (Subsection 15. 2p and the inverse transform (Subsection 15. 3p . 

Notation and Conventions. The Borel-cx-algebra on a normed space X = {X, \\ ■ \\x) 
w.r.t. the topology induced by the norm || ■ \\x is denoted by B{X). If X is a Banach space, 
(M, A^, /i) a (T-finite measure space and 1 ^ p < oo, we write Lp{M, Ai, fi; X) for the space 
of all (//-equivalence classes of) strongly measurable functions f : M ^ X with finite Lp- 
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norm \\f\\Lp{M,M,f^;X) '■= (/m II/IIx'^A*)^^^- context is clear, we also write Lp{M;X) 

instead of Lp{M, Ai, fi; X). For X = C we omit the notation of the image space, i.e., 
Lp{M,M, 12) := Lp{M,M,fi; C). If D is a subset of R"^ we set L2{D) := L2{D, B{D), X'^; C) 
and L2{D; R) := L2{D, B{D), A"'; R), where A'^ denotes Lebesgue measure. The L2-Sobolev- 
Slobodeckij space of order s ^ on a domain D C R*^ is denoted by H^{D)] see Appendix El 
for the definition. Hq{D) is the closure of the space of compactly supported, smooth 
testfunctions C^{D) within H'^{D). If M or D is the open interval (0,T), we write 
L2(0,T;X), H'{0,T) and H^{Q,T) instead of L2((0,T);X), H%{0,T)) and H^{{0,T)). 
The spaces of rapidly decreasing, smooth functions and tempered distributions on R"^ 
are denoted by iS(R'^) and iS'(R'^), respectively. All spaces of (generalized) functions are 
understood as complex vector spaces of C-valued functions, unless explicitly indicated 
otherwise, e.g., by writing 12(0; R), H'{D; R) and H^{D; R). By T : 5'(R'^) ^ 5'(R'^) we 
denote the Fourier transform on S"(R'^), normed according to = f^d e~^^^f{x) dx, 

^ G R'^, / G Li(R'^). All derivatives of (locally integrable) functions defined on domains in 
R"' are meant in the distributional sense. The duality form of a topological vector space 
X and its (topological) dual X' is denoted by {■,-)xxX', i-e., {x,x')xxx' '■= x'{x) for all 
X G X, x' G X'. The (topological) dual H' of a Hilbert-space Ti is always endowed with the 
strong dual topology and the respective norm || ■ ||^/ := sup||^||^^]^ \ {h, •)^x'H'|- The notation 
X ^ Y means that a topological vector space X is linearly and continuously embedded into 
another topological vector space Y. Inner products (■, ■)-^ of complex Hilbert spaces "H are 
assumed to be conjugate linear in the second argument. Composite expressions following 
an expectation sign 'E' are evaluated prior to taking the expectation, e.g., E|| . . . ||^ := 
E(|| . . . 11^). For separable Hilbert spaces "H and Q, we denote by ^("H;^), J^2{'H;Q), 
-^i{H] Q) the spaces linear and bounded operators, Hilbert-Schmidt operators and nuclear 
operators, respectively, = we write =Sf (H), ^2{H) and ^liTi) instead of ^{T-L; Ti), 
^2{'H] %) and ^iCH] %). Throughout the paper, C denotes a positive and finite constant 
which may change its value with every new appearance. 

2 Setting and assumptions 
2.1 Stochastic heat equation 

Throughout this paper, C C R^ denotes a simply connected and bounded open subset of 
R2 with polygonal boundary dO such that O lies only on one side of dO. The generic 
element in R^ is denoted by ). Let 

Ag : D(Ag) C L2{0) ^ L2{0) 

be the Dirichlet-Laplacian with domain 

D(Ag) = {v G Hl{0) : A^ := + e ^^(O)}. 
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By we denote the analytic semigroup of contractions on L2{0) generated by A^. 

Note that the operators and e*^o, t ^ 0, map real- valued functions to real- valued 
functions, i.e., they can also be considered as operators on L2{0; R). 

Let {Q,A,I') be a complete probability space, T G (0, oo) and let {J-'t)te[o,T] be a 
normal filtration of sub-cr-algebras of A. On {Q, A, P) let W = (W{t))te[o,T] be a ?7-valued 
Wiener process w.r.t. {J^t)t£[o,T], U being a real and separable Hilbert space. The covariance 
operator and the reproducing kernel Hilbert space of W are denoted by Q G ^i{U) and 
{Uq, (■, ■)uo) '■= {Q^^'^U, {Q'^^"^ ■ , Q"^/^ ■ )u), respectively. Here Q'^^"^ is the pseudo-inverse 
of Q^^"^. Standard references for this setting are [1], [33], 

We are interested in the regularity of the mild solution u = {u(t))teio,T] to Eq. (11.11) . 
where F and G are mappings from L2{0; R) to L2{0; R) and to =Sf (f/o! L2{0; R)), respec- 
tively. We make the following assumptions on F, G and the initial condition uq. 

Assumption 2.1. G takes values in the space ^2(f^; ^2(0] R)) of Hilbert-Schmidt oper- 
ators; the mappings F : L2(0; R) ^ ^2(0; R) and G : L2(0; R) ^ =^2(f/o; ^2(C; R)) are 
globally Lipschitz continuous. The initial condition mq satisfies 

uo e L2 {n, J-Q, P; H^iO; R)) n Lp{n, J^o, P; i^2(0; R)) 

for some p > 2. 

By a mzW solution to Eq. (11. II) we mean an (J^()tg[o,T]-predictable L2(C; R)-valued 
stochastic process u = {u{t))teio,T] on P) such that sup^gjQ ^] E||M(t)||^^^(^^ < oo and 

for every t G [0, T] the equality 

Jo Jo 

holds P-almost surely. It is well-known that in the described setting the concept of a 
mild solution is equivalent to the concept of a so-called weak solution; see, e.g., [321 Theo- 
rem 9.15]. The following existence and regularity result is a consequence of [U Theorem 7.4] 
and [23], Theorem 4.2], compare also [33| Theorem 11.8] and [T5] . 

Theorem 2.2. Given Assumption \2.1\ there exists a unique (up to modifications) mild 
solution u = {u(t))te[o,T] to Eq. (11.11) . It has a unique (up to indistinguishability) continuous 
modification in L2{0; R), i.e., a modification u = {u(t))te[o,T] such that for all u ^ Q the 
trajectory 

[0, T]3t^ u{uj, t) := G L2(C; R) 

is continuous. This modification satisfies 

E sup \\uit)\\l <G{l + nuo\\l^^am)- ^^.l) 

ie[o,r] 

Moreover, for all t G [0,T] we have u{t) G L2{^1; Hq{0; R)) and t u{t) is continuous as 
a mapping from [0, T] to L2{^1; Hq{0; R)). 
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In the sequel we also write u{ijJ, t) or u{ijJ, t, ■) instead of u{t){ijj), and a trajectory [0, T] G 
t i-> u{u, t) G i^2(C'; R) may be denoted by u{uj) or ^(u;, ■). This notation is motivated by 
the viewpoint of considering the solution as a scalar function of (w, t, a;) G i7 x [0, T] x O, 
which turns out to be convenient for our purpose. 

Let us look at concrete examples for W , U, Uq and F, G. 

Example 2.3. (i) (additive trace class noise) Let W be an L2{0; R)-valued Wiener process 
and set U := L2(C; R). Define G : L2(0; R) ^2{Uq; L2(0; R)) as the constant mapping 
with value idL^io-^u) e if (^2(0; R)) ^ =^2(^0; ^2(C; R))- The embedding holds since the 
reproducing kernel Hilbert space Uq of W is embedded into L2{0; R) via a Hilbert-Schmidt 
embedding. Let / be a real-valued function on (9 x R satisfiying the following condition: 
There exist C > and b G L2{0; R) such that, for all x G (9 and ^, G R, 



Then, the conditions on F and G in Assumption 12.11 are fulfilled and Eq. (11. ip is an abstract 
formulation of the problem 



(ii) (multiplicative noise with sufficient smoothness) Let W be an H^{0] R)-valued 
Wiener process for some s > 1 and set U := H^(0\ R). Such a process can be obtained, e.g., 
by applying an integral operator on L2{0\ R) with sufficiently smooth kernel k gL2(0 x 
(9; R) to a cylindrical Wiener process on L2(0;R). Let (7 be a real-valued function on 
(9 X R satisfying the same condition as formulated for the function / in (i). Define G : 
L2(C; R) ^ ^{H'{0- R); L2(C; R)) ^ ^2(^/0; L2{0- R)) by 

{G{v)w){x) := g{x,v{x))w{x), v G L2(0;R), w G if'(C;R), xeO, 

and let F be defined as in (i). Then, the conditions on F and G in Assumption 12.11 are 
fulfilled (note that we have the Sobolev embedding H'{0]K) ^ Cb(C;R)) and Eq. f lTT]) 
is an abstract formulation of Problem (12. 2 p if the first line in (12. 2p is replaced by 

du{t,x) = [Au{t,x) + f{x,u{t,x))]dt + g{x,u{t,x))dW{t,x), {t,x) G [0,T] x O. 

(iii) (multiplicative finite-dimensional noise) Let W = {Wi, . . . , Wa) be a d- dimensional 
Wiener process and set U := Uq := R'^. Let gi, . . . ,gd be real-valued functions on C x R 



\f{x,0\^bix)+C\^\, \f(x,0-fix,r^)\^C\^-r^ 



Define F : ^2(0; R) ^ ^2(0; R) by 



(F(t;))(x) := f{x,v{x 



)), G L2(C;R), x eO. 




(2.2) 
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satisfying the same condition as formulated for the function / in (i). Define G : L2{0\ R) 
^2(t/o;L2(0;R))by 

d 

{G{v)w){x) := ^gk{x,v{x))wk, v G L2(C;R), w = {wi,...,Wd) eR'^, x e O, 

k=l 

and let F be defined as in (i). Then, the conditions on F and G in Assumption 12.11 are 
fulfilled and Eq. fll.ip is an abstract formulation of Problem fl2.2p if the first line in f l2.2p 
is replaced by 

d 

du{t,x) = [Au{t,x) + f{x,u{t,x))]dt + ^gk{x,u{t,x))dWkit), (t,x) G [0,T] x O. 

k=l 

Remark 2.4. All the noise terms in Example 12.31 can be rewritten in the general form 
X^fcLi 9k{x, u{t, x))dWk{t), where the g^s are suitably chosen functions on C x R and the 
WkS are independent one- dimensional Wiener processes; compare, e.g., |25l Section 8.2]. 

2.2 The solution process as a tensor product-valued random vari- 
able 

Our main result. Theorem 13. 3 [ and Corollary l3.5l are formulated in terms of tensor products 
of Sobolev spaces of possibly negative order. In the present subsection we define the tensor 
product spaces, point out their natural embeddings and describe how the mild solution 
u = {u(t))teio,T] to Eq. fll.ip can be considered as a tensor product- valued random variable. 
Since the tensor product spaces we consider are rather non-standard in the context of 
stochastic evolution equations, we collect several supplementary details and references in 
Appendix \M 

With regard to the natural embeddings of tensor products of Sobolev spaces, it is con- 
venient to define the (Hilbert-Schmidt) tensor product of two Hilbert spaces as the space of 
Hilbert-Schmidt functionals on the cartesian product of the duals of these spaces. The con- 
nection to alternative definitions in the literature is described Appendix |X1 Let H and Q be 
separable complex Hilbert spaces with orthonormal bases (/ij)jg]N and {gk)k&'SN, respectively. 
Following [iHl Section 2.6] we call a Hilbert-Schmidt functional onTixQ a bounded bilinear 
functional f : Ti x Q ^ G, {h,g) f{h,g) such that J2j kem \ fi^j^9k)\ < oo- The infinite 
sum does not depend on the specific choice of the orthonormal bases, and its square root 
defines a norm that makes the space of Hilbert-Schmidt functionals into a separable Hilbert 
space; see [HI Section 2.6]. Here, boundedness of / means sup||;j||^ ||j,||g<ji \f{h,g)\ < oo. 

Definition 2.5. The Hilbert-Schmidt tensor product l-i^Q of two separable complex 
Hilbert spaces % and Q is defined as the space of Hilbert-Schmidt functionals on "H' x Q' 
with norm given by 
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(/i;)/g]N and (5'^)fceM being arbitrary orthonormal bases of "H' and Q'. For h and g & Q 
we denote hy h® g E l-i^Q the functional defined by 

h®g{h\g') := {h, h')n>,H'{9, 9')gxg' = h'{h)g\g), h' e W , g' G Q' . 

Given an arbitrary domain D C R'^, we denote by H'^{D) the L2(-D)-Sobolev-Slobodeckij 
space of order s ^ 0; see Appendix |A] for the definition. It is well known that for ^ Si ^ S2 
the space H'^'^{D) is densely embedded into H^^{D) via the identity operator. 

Convention 2.6. We identify L2{D) with its (topological) dual space (L2(-D))' via the 
isometric isomorphism L2{D) 3 v {■ ,v)l^(^d) G (L2(-D))'. Thus, by duality, we obtain a 
chain of continuous and dense (linear) embeddings 

H''{D) ^ H''{D) ^ L^iD) = {L^iD))' ^ [H'^D))' ^ (H'^D))', ^ Si ^ S2. 

(2.3) 

Moreover, for s ^ we identify H'{D) with its bidual {H'{D))" := {{H'{D))')' via 
the canonical isometric isomorphism 1 : H'^{D) — > {H^{D))" given by {i{f)){g) = g{f) 
for / G H'^{D), g G (H'^^D))'. We also write {■, ■) iH''{D)yxH'>{D) for the duality form 

(■, ■){H^D)Yx{H^D))"- 

As usual, for s ^ we denote by Hq{D) the closure of C^{D) in H^{D) and by 
H-'{D) := (H^iD))' its dual space, li D = R°', we have R-'iR'^) = (i7^(E^))' with equal 
norms, and (12. 3p reads 

H'^K^) ^ H'^iR'^) ^ L2(R"') = (iv2(E^))' ^ H-''{R'^) ^ H-'^{R'^), ^ si ^ S2. 

Theorem 13.31 and Corollary 13.51 are formulated in terms of tensor product spaces of the 
form {H'{I))'®R'-{0) and {H'{I))'0H^{O), r, s ^ 0, where / = (0,T) or J = R. By 
Definition 12.51 and Convention 12. 6^ the elements of {H^{I)y®H^{0) are Hilbert- Schmidt 
functional on H'{I) x {H''{0)y = {H'{I))" x (H'iO))'; the elements of {H'{I)y®H^{0) 
are Hilbert-Schmidt functional on H'{I) x H-\0) = (//"(/))" x {H^{0)y. According to 
Proposition IA.2I in Appendix [Aj we have natural embeddings 

{H'^{i)ym'''{o) ^ {H"'{i)ym'-^{o), o < si ^ S2, o ^ n ^ r2, (2.4) 

given by the tenor products i®j of the embeddings i : {H^^{I)y ^ {H^'^{I)y and j : 
H^^{0) ^ H'^'iO) as in (Q. The image i®j (/) G {H'^{I)y®H'-^{0) of some / G 
{H^^{I)y®W'^{0) is nothing but the restriction of the bilinear functional / : H^^{I) x 
{H^'^loyy ^ C to the smaller domain H'^{I) x (i7^i(0))'. Also by Proposition [A^l we 
have natural embeddings 

{H'^{i)y®Hl{o) {H'^{i)y®Hi[o) ^ {H'\iyy®H\o), ^ si ^ S2. (2.5) 

Note, however, that the second embedding in (12.51) is not dense. 

Let us describe in which sense the mild solution u = ('u(t))(g[o,T] to Eq. (11.11) will be 
considered as a tensor-product valued random variable. To this end, take an arbitrary (pre- 
dictable) version of u. We know from Theorem 12.21 that u{t) G Hq{0;R) P-almost surely 
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for all t G [0,r]. By the Kuratowski-Suslin theorem we have Hl{0]'K) e S(L2(C;R)), 
so that P := G x [0,T] : u{uj,t) ^ H^iO)} belongs to V, the predictable cr- 

algebra w.r.t. the filtration {J^t)te[o,T]- Consequently, by redefining u{u,t) := for all 
{u,t) G P we obtain a predictable (V/B{L2{0] R))-measurable) modification of our origi- 
nal solution such that u{uj, t) G Hq{0; R) for all {u, t) & fix [0, T]. We fix this modification 
u = (^^(i))tG[o,T] from now. From the V /B{L2{0; R))-measurability of u and a standard ap- 
proximation argument we obtain the P/jB(iJQ (O; R))-measurability of u. Moreover, since 
supjgjQ J.] E||M(t)||^i(0.R) < oo by Theorem 12.21 and Hq{0; R) Hq{0), we have 

M G L2(fi X [0,T],V,F®dt;Hl^{O)). (2.6) 

By = {u^(t))t£-R we denote the extension of u by zero to the whole real line. We will 
consider u and u+ as random variables with values in the spaces L2{0,T)^Hq[O) and 
L2(R)®iIo(C), respectively. 

Proposition 2.7. After possibly redefining m on a P-null set, the definitions of the map- 
pings 

u:Q^ L2{0,T)^H^{O), u ^ u{u), 
M+ : -> L2(R)®i?o(C), 00 H-> u+{uj) 

by ^ 

u{uj){^,ip) := u{uj,(l),(fi) := / {u{uj,t), (p) HUo)xH~^o)<Pi't)(^i, 

Jo 

0GL2(o,r), ^eH-\o). 

and 

:= := / (M+(w,t),¥?)^^i(o)x//-i(O)0(^)dt, 

G L2(R), G /f-^(C) 

are meaningful, and u and belong to the spaces L2 (fi, J-r, R; -^^2(0, T)®/Jq (C)) and 
L2 (n, JV, R; i^2(R)®^^o (C*)) , respectively. 

Proof. By (12.61) and the theorems of Tonelli and Fubini, we know that all trajectories 

u{u) = u{u, ■) : [0, T] H^{0), t ^ u{u, t), u e fl, 

are -B([0, T])/S(i/oHC'))-measurable and that u{uj) G L2{0,T; H^{0)) for P-almost all 
u e Q. After redefining u{u) := for all u e Q such that u{u) ^ L2{0,T; H^{0)), 
another application of the theorems of Tonelli and Fubini shows that the mapping Q 3 
Lu ^ u{u) G L2{0,T;H^{O)) is J't/'B(L2(0, T; iJi(C)))-measurable; compare |1 Proposi- 
tion 3.18]. Moreover, one has ||M(a;)||2^(o_^.^i(^))P(dw) = Ml^i^^^^o^T],v,wmt;HUo)y The 
assertion concerning u now follows from the fact that the operator J : L2(0,T; Hq{0)) i— t- 
L2{O,T)0H^{O), which maps / G ^2(0, T; ifi(C)) to the bilinear functional 

(J/)(0,y.) : L2(0,T) x H-\0) ^ C, (0, y.) ^ ["^ {f{t), ^) H^^^o)xH-Ho)<Pmt, 

Jo 
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is an isometric isomorphism. The assertion concerning m+ follows analogously. □ 

We will always take for granted the redefinition of u on a P-null set mentioned in 
Proposition 12.71 This means that a// trajectories [0,T] 3 t u{u,t) G Hq{0) and R 3 
t ^ u+{uj,t) e H^{0), cu en, belong to L2(0,T; H^{0)) and L2(R; H^iO)), respectively; 
the mappings Q 3 co u{uj) G L2{0,T; H^{0)) and Q 3 u \^ u+{uj) G L2{R; H^{0)) are 
J-T/i3(L2(0, T; i^Q (C)))-measurable and J-T/i3(L2(R; -ffo(C)))-measurable, respectively. 

Convention 2.8. We identify the mild solution u to Eq. (11. ip and its extension by zero 
to the whole real line u+ with the mappings u and m+ described in Proposition 12.71 We set 
u{oj, 0, (f) := u{lo, 0, (f) and 0, (p) := ^+(0;, 0, ip) for u e Q, ip E H^^{0), G i^2(0, T) 

and G L2(R), respectively. In this sense we have 

« G L2 (^^, J-T, P; ^^2(0, r)®i7oi(o)) , G L2 (^^, Jt, P; L2{R)mi{0)) . 

Note that, due to the embedding fl2.5p . we have in particular 

u G L2{n,J^T,'P;{H'{0,T)ym^iO)), u+ G L2(^^, JT,P;//-^(R)®i/o'(C)) 
for all s ^ 0. 

3 Main result 

Before formulating the main result we need to introduce some further notation. In order 
to keep the notational complexity at a reasonable level we make the following additional 
assumption on the domain (9 C R^. We remark, however, that our results readily generalize 
to arbitrary bounded polygonal domains as defined in Subsection 12. Ij see Appendix [B] for 
the formulation of the results in the general case. 

Assumption 3.1. The domain O has exactly one non-convex corner. The correspond- 
ing vertex is zero and the corresponding interior angle is denoted by 7 G (7r,27r). In a 
neighborhood of zero, O coincides with the sector 

{x e'B? : X = {rcos6,rsm6), r > 0, 6 e (0,7)}. 

Let rj G C°°{0; R) be a smooth cut-off function that depends only on r = \/ xf + xl, 
equals one in a neighborhood of zero and vanishes in a neighborhood of the sides of dO 
which do not end at zero. Set a := 71/7 G (1/2, 1) and define S G Hl{0) by 

S{x) := rj{x)r"^ sai{a6), x = (xi, X2) = (r cos6', r sin6') G C (3.1) 

The function S belongs to H^{0) if, and only if, s < 1 -|- a; see [TOl Theorem 1.4.5.3]. It 
represents the corner singularity for the Poisson problem on O with zero-Dirichlet boundary 
condition; see [lO], [IS]. That is, given g G L2{0) and w G Hl{0) with —Aw = g, there 
exist a unique function G H'^iO) fl HliO) and a unique constant c G C such that 
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w = + cS. It follows from [TI, Proposition 2.5.6] (compare also [HI Section 2]) that 
c = {q^Vq) L^(^o)i where Vq G L2{0] R) is defined as Vq = {1/tt){iPq — (po) with 

'ipo{x) := rj{x)r~"^ sm^aO), x= {xi,X2) = {r cos 6 , r sin 9) G O, 

and (fo G D{Aq) being the unique solution in Hq{0) to the problem AipQ = AipQ. (Note 
that ipo does not belong to H^{0), but it satisfies Ai/jq G L2{0) since it is harmonic near 
0.) For z G C \ a(Ag) we define v{z) G L2(0) by 



;{z) := vo - z{zidL2{o) -^o) ^^o 



idL2{o)-z{zidL2^o)-^o) ^ -(^o - '/'o) 



(3.2) 



where (zid2,2(c)) — A^) ^ G ^(^2(0)) is the z-resolvent of A^. 
Further, we define a kernel function i?o : K. x (9 — > R by 

Eo{t,x) = l(ooo)(t)(2v^)"^r^/Ve-^'/(^*\ t G R, X = (xi,X2) = (r cos^,r sin^) G C 

(3.3) 

For fixed x G (9 the function t 1— )■ -E'o(t, x) is the inverse Laplace transform of (0, 00) H-iR 3 
z ^ e-^'v^ G C; see |9l Section 8.4] or Ull Exercise 3A/3]. 

Finally, let Assumption 12.11 hold, let u = {u{t))te[o,T] be the mild solution to Eq. (11. ip 
and define 

Hiz):= [ e-''F{u{t))dt+ [ e-''G{uit))dW{t) - e-'^u{T) + uo, z e C. (3.4) 
Jo Jo 

The first integral in (13. 4p is an w-wise Bochner integral in L2{0). For every w G f2, all 
integrals e~^^F{u{uj,t))dt, 2; G C, exist since we have ||e~'^*F('u(u;, t))||i2(C')di ^ 
C J^e-'^''^\1 + ||u(a;,t)||L2(o))dt < 00. Moreover, 



E 



e-''F{u{t))dt 



L2(0) 



^ CE / \\e-''F{u{t)) 



^ CE 



-2Rezt 



(1 



1^2(0) 



\U 



dt 



) dt < 



00. 



The second integral in (13. 4p is an L2(0)-valued stochastic integral; for fixed u and t, 
e-^*G(M(w,t)) is the operator in ^2(^2(0; K-); ^2(0)) that maps w G L2(0; R) to 
e~^^G{u{(jj,t))w G L2{0). By Ito's isometry and the Lipschitz property of G, 



E 



-zt 



G{u{t))dW{t) 



E 



L2{0) 



GHt))\ 



1(12(0 ■,R);L2{0)) 



dt 



^ CE 



-2Rezt 



(1 + 



\U 



L2(0;R) 



)dt < 



00, 
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so that we obtain 

H{z) e L^iSl, Ft, P; ^2(0)), zeG. (3.5) 

We will later show (Lemma 15. 5p that the L2(0)-valued random field {H{z))z^£ has a 
holomorphic modification, i.e., a modification such that for all w G i7 the mapping C 3 
u I— H{z) G -L2(C^) is holomorphic. We fix such a modification once and for all. 

Remark 3.2. The Hilbert-space theory of infinite-dimensional stochastic integrals is usu- 
ally developed in terms of rea/ Hilbert-spaces, cf. [1], |3T], [32], [33], [31]. In the context of 
stochastic integrals such as in (13.41) we will in general consider C-valued functions as Re- 
valued functions, and we will in general understand the stochastic integrals in terms of the 
respective real Hilbert-spaces of R^-valued functions. We do not indicate this explicitly, 
but we will point out this identification whenever it is needed. 

Here is our main result. 

Theorem 3.3. Let Assumptions \2.1\ and \3.1\ hold, let u = {u{t))t£[o^T] be the mild solution 
to Eq. (11.11) and let m+ he its extension by zero to the whole real line, considered as an 
element 0/ L2(f2, J^^, P; L2(R)®i^o(C)) as described in Subsection \2.i\ Let s > 1/2 and 
set a := tt/j. 
There exist 

u+,R G L2{n,J^T,'P;H-'{li)m\0))nL2{ft,J^T,'P;H-'{R)^H^{0)) 

and 

$ G L2(l^, Jr,P;i^^'""^/'~'(R)) 
with supp$(aj) C [0, 00) for all u & Q (in the sense of distributions) such that the equality 

U+ = M+,R + ^ * Eq S 

holds in L2(yi, J-'t,^', H~^(J^)^Ho{0)) . Here ^ * Eq S denotes the element of the space 
L2(1^,7t,P;^"'(R)®^^o(C)) that acts on test functions (0, </?) G H'{R) x ^2(0) 
H'(R) X H-\0)) via 

(<l>*Eo5)(w)(0,^) := {<I>*EqS){u,<P,^) 

:= (^oo)* f Eo(-,x)S(x)ip(x)dx,(f)) , w G fi, ^^'^^ 

\ Jo ' H-'^{R)xH=(R) 

where S and Eq are given by (13. ip and (13.31) . EQ{-,x)S{x)ip{x)dx denotes the (locally 
integrable) function R 9 t t— t- EQ{t,x)S{x)Lp{x)dx G R, and * is the usual convolution 
of Schwartz distributions. 
We have 

{<^*EoS){uj) ^\Jh-'{R)^H^+''{0) on {ujeQ:<^{u)^0} (3.7) 
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and $ is determined W -almost surely in terms of its Fourier transform w.r.t. the time 
variable t G R as follows: For ¥-almost every u & Q, 



= {H{uj,i^),v{im for X-almost every ^ e R, (3.8) 

\ / 1/2(0) 

where v and H are defined by f l3.2p and fl3.4p . 

Moreover, 

^{\\'"'+M\'H-'>{-R)(g,H'2{0) + II*^IIh{1-«)/2-«(]R,)) 

^ Ce[\\uo\\1(^o) + |k(T)||i^(^) + ^'^||F(^(t))||^^(^^dt + JUp^ l|G(^W)lli,(f/o;L.(0)))' 

(3.9) 

where C > depends only on s, T, O and the cut-off function rj in (13 .ip . and where 
u = (£t(t))fg[o,T] denotes the modification ofu = (M(t))tg[o,T] that is continuous in L2{0] R). 

The proof of Theorem 13.31 is given is Section [51 Some remarks concerning Theorem 13.31 
seem to be in order. 

Remark 3.4. (i) It is a common convention not to distinguish exphcitly between functions 
and equivalence classes of functions. The existence of $ G L2(fi, J^r, R; -f^''^~"^''^~*(R)) 
stated in Theorem 13.31 is meant as the existence of an J-'T/;B(if''^~"^/^~*(R))-measurable, 
square integrable function $ : — )■ if'^^~"^/^~*(R) such that, for all w G fi, supp$(ci;) G 
[0, oo) and the mapping ($ * Eq S){u) : H'{R) x L2{0) C defined by (ESD extends to a 
Hilbert-Schmidt mapping on H'{R) x H'^O), i.e., to an element of H~'{R)'^H^{0). (In 
Subsection 15.3.21 we will show implicity that the convolution * EQ{-,x)S{x)ip{x)dx 
belongs to H^^iR) for all \E' G i/~''(R).) The resulting mapping ^ * Eq S : -)■ 
H~^{'R)^H^{0) is J^T/'B(i^~'*(R)®i^o(0))-measurable and represents an element of the 
space L2{n,TT,^;H-'{R)(g)H^{0)). 

(ii) The assertion '$(a;) ^ 0' in (13. 7p means that there exists (p G i/~'-^~"-*/^+*(R) such 

that ($(a;), (/))j^{i-a)/2-s(]i^)xH-(i-«)/2+«(R) 0. 

(iii) For z E C \ (— oo, 0), an alternative representation of the functions v{z) G L2{0), 
defined by (13. 2p and appearing in (13. 8p . is described in Remark 14.41 below. 

(iv) Note that the expectation on the right hand side of (13. 9p is finite due to Theo- 
rem [52] and the linear growth property of F and G, which follows from the global Lipschitz 
property. 

The following corollary describes a corresponding decomposition of u within the space 
L2 (yi, J-'t, P; {H'^{0, T))'(§)ifQ (O)) . For the construction of a linear and bounded extension 
operator £ : H'{0,T) H'{R) we refer to Section 4.2]. 

Corollary 3.5. Let the setting of Theorem \ 3.3\ be given and consider the mild solution 
u = ('u(t))tg[o,r] to Eq. (II. ip as an element of L2(yi, J-'t,^', L2{0,T)(^Hq{O)) as described 
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in Sub section {KM Let £ : H^{0,T) — > iJ*(R) be a linear and bounded extension operator. 
Foru en, (f) e H'{0,T) and cp G H-^{0) define 

Ur{uj, (f), if) := m+,r(u;, Scj), Us{uj, 0, Lp) := ($ * Eq S){uj, Sep, Lp), 

where and ^ * Eq S are as in Theorem \3.3[ 
Then, 

MR e L2 {n, Tt. P; (i/^(0, Ty)'®H\0)) n U -Ft, P; (i^^(o, Ty)'ml{o)) , 

useL2{n,j'T,'P;{H'{o,T)ym'o{o)), 

and the decomposition 

u = uk + us (3.11) 
holds as an equaUty m L2(fi, Jt,P; {H'{0,T)y^H^{O)) . For F-almost every u E il, 

usiu)^\JiH^iO,T)ym'^^iO) ^ wsM^O ^ <l>M^O. (3.12) 

Moreover, there exists a constant C > 0, depending only on s, T, O and the cut-off 
function rj in fl3.ip . such that 

lL(o) 



E||MR||J^.(o,T))'®i?2(o) ^ Ce(^\\uo\\%^o) + \HT)\\ 

rT 

+ / sup \\G{u{t)) 

Jo ^ ' tG[0,T] 



(3.13) 

where u = {u(t))te[o.T] denotes the modification of u = (n(t))tg[o.r] that is continuous in 
L2{0;R). 

The assertion ''Us(i^) ^ 0' in fl3.12p means that there exist G -^'^(0, T) and G //^""^(O) 
with us{uj, 0, v?) 7^ 0. 

Proof of Corollary \ 3. 5[ Assertions fl3.10p . (13. lip and Estimate (13.130 follow from the bound- 
edness of S and the corresponding properties of m+,r and ^ * EqS. 

Let us verify fl3.12p . The implications in direction are obvious, so it remains to 
prove that the implication 

$(u;) ^0 =^ usiu)^ U(^'(0' T)ym'+''iO) (3.14) 

holds for P-almost every u e n. Let 7^ G ^{H'(R); H'{0,T)) be the restriction of 
functions in H'{R) to (0,T), i.e., 7^0 = 0|(o,t) for G H'{R). For a; G fi, G i/'(R) and 
G i/-^(C) we set 

Wr(^> 0, V5) := Mr(w, 7^0, v?), M^(w, 0, V^) := Ms(w, 7^0, v?). 
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Due to dXTU]) and the boundedness of 7^ we have e L2{n; {H'{0,T)y^H^{O)) n 
L2{n; {H'{0,T)y^H^{O)) and uf E L2{n; {H'{0,T)y^H^{O)). Since n\Hr(u) belongs 
to ^{H^{Ry, H^{0,T)) for all r ^ s, the implication 

holds, so that fl3.14p follows if we can show 

$(a;)^0 =^ ^ |Ji/-'^(R)®i/i+°(0) (3.15) 

for P-almost all w G fi. 

Assume that (13.151) was not true and let A G ^ with P(A) > such that, for all w G A, 
<l>(w) ^ and (w) G E"' {^®H^^^ I ^\0) for some r = r(w) ^ s. Then, since u+,s(w) ^ 
if-^'(R)®/Ji+"(0) by Theorem [331 we have u^{u}) - u+,s(t^) i i/"'(R)®if^+"(0)' for all 
a; G A. Therefore, the P-almost sure equality m+ = u+^r + m+^s = "uJ^^ vtJ^ implies 

«+,R(a;) - n^(a;) = (a;) - «+,s(a;) ^ i/-^(E)®i7i+°(0) 

for a; G v4 \ A^, where C ^ has P-measure zero. But this is a contradiction to the fact 
that both M+,R and u\ take values in R-'{^)®E'^{0) ^ H-''{R)^H^+''{0). □ 

Next, we give two concrete examples for applications of Theorem 13.31 and Corollary 13. 5[ 
respectively, to equations of the type (II. ip . In the first example we have wg ^ with 
probability one. 

Example 3.6. Let the Wiener process W = (Vr(t))tg[o,T] be L2{0; R)-valued, i.e., U = 
L2{0] R), and assume that the range of its covariance operator Q G =Sfi(L2(0; R)) is dense 
inL2(C;R). For mq e L2{n,J^o,F;H^{0;R))nLp{n,J^o,F;L2iO]R)) withp> 2 consider 
the equation 

du{t) = A^u{t)dt + dW{t), m(0) = uq, t E [0, T], 

which fits into our abstract setting with F{v) := and G{v) := idL2(^o-R) for all v E 
L2{0] R), cf. Example 12.31 (i). (Let us remark that, since we are considering an equation 
with additive noise, the assumption uq E Lp(yi,J^Q, P; L2{0; R)) is not really needed here 
to obtain the results of Theorem 13.31 and Corollarv 13. 5j we do not go into details.) Fix 
s > 1/2 and let m+.r, $, mr and Ms be as in Theorem 13.31 and Corollarv 13.51 Using Ito's 
isometry, one sees that in this setting the estimates (13. 9 p and (I3.13P simplify to 

^{\\''^+,^\\ {U)(^H'2{0) + ll'"Rll(/f«(0,T))'(g)//2(O) + ll'^ll//(i-°')/2-'>(R)) 

^ C^E||Mo||i2(Ci) + \\Q^^'^\\%{L2iO;R))^ 

with C > depending only on s, T and O. 
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Let us show that m+^s and Ms are non-zero P-almost-surely. To this end, we have to 
show that $ defined by f l3.8p is non-zero P-almost-surely. Recall that we have fixed a 
holomorphic modification of the L2(0)-valued random field {H{z))z(^(c- The resolvent map 
C\cr[A^) 3 M H- [zidi^io) ~^o) ^ ^ ■^{L2{0)) is holomorphic too, so that the function 
R 9 ^ I— 7- (^H(uj,i^),v{i^)) ^^^^^ G C is infinitely smooth for all to G il. Thus, the Fourier 

transform R, 9 ,^ i— )■ [j-i_!.g$(a;)] G C has an infinitely smooth, hence continuous version 
for P-almost all w G fi; we consider these continuous versions from now on. Consequently, 
it is enough to show that [j^t^^^{u)]{0) = (if (cu, 0), v(0))^^^^^ = (if (cu, 0), fo)L2(0;R) is 
non-zero for almost all G fi. 
Observe that 

{H{0),vo)L,iO;R) =( [ (idz.,(0;R)-e(^-*)^S)diy(t),Mo) 

Wo /L2(0;R) (3.16) 

+ {uo-e '^Uo,Vo) 

Setting ^{t)w := ((idL2(ci;R) -eC^"*)^©)^, fo)^ for w G L2{0\ R), we obtain 



E((^'^(idi,(O;E)-e(^-*)^B)dl^(t),M0 



2 



E 



L2{Ci;ia) 







T 



|^mnV2||2 , 
|g^/^(id.2(0;R)-e(^-)^§).o||L(^^,,)dt 



due to Ito's isometry, Parseval's identity and the symmetry of Q^^^. Clearly, the ker- 
nel of idL2(ci;R) -eC^"*)^^ is zero for all t < T. Since the kernel of Q^^^ = (Q^^^)* is 
zero too (due to our assumption that the range of Q is dense in L2{0; R)) and since 
Vq 0, the last integral is strictly positive. This means that the Gaussian random vari- 
able ( Jq (idL2{C';R) ~^''"^~*'*^°)dW^(^)5 'yo)j;^2(c'-R) ^'^^ degenerate and thus its probability 
distribution has a density w.r.t. Lebesgue measure. Note that (mq — c^^ouq, vq') ^^^^ in 

f l3.16p is J^o-measurable and thus independent of ( idijCOiR) —e^^~^^^c>'^ dW (t) . It follows 
that the probability distribution of {H{0),vo) l2(C';R) has a density w.r.t. Lebesgue measure, 
hence {H (0) , vq) l2{0;R) is non-zero P-almost surely. 

We end this section with a toy example which shows that it may happen that us ^ 
with probability greater than zero and less than one. 

Example 3.7. Let the Wiener process W = (W(t))te[o,T] be one- dimensional, i.e., U = 
Uo = R, and consider the domain O = (-1, 1)^\(-1, 0]^ c R^. Define uq G H^{0)nH^{0) 
by 

Uo{x) := sin(7ra;i) sin(7ra;2), x = {xi,X2) G O, 
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so that —Auq = 27r^Mo. Let Vq = v{0) = (l/7r)(-?/'o ~ V^o) be as in f l3.2p and define G : 
L^iO; R) -> L2(0; R) = ^(R; ^2(0; R)) = ^2(R; ^2(0; R)) by 

G{v) := Uo + fi'(||^^||L2{O;R))^^0, V ^ ^2(C; R), 

where (7 : R — )■ R is Lipschitz-continuous with supp g = [c, 00) for some c > 0. Then the 
equation 

du{t) = A^u{t)dt + G{u{t))dW{t), u{Q) = uq, t e [0,T], 



fits into the setting of Theorem 13.31 and Corollary \3.5\ and we have < P(us 7^ 0) < 1. 

To prove the latter assertion, we fix a continuous version of the Fourier transform 
R 9 ^ ^ [Tt^^^iuj)] (0 G C for P-almost a\\ u E as in Example |Ml Then 

F{{H{0),vo)L,iO;R) ^ 0) = P([j-t^^<l>](0) ^ 0) ^ P(<l> ^ 0) = F{us ^ 0) 



and 

{H{0),Vo)L2{0;Ii) 



((l-e-(^-*)^->o,t;o) 



i2(0;R) 



+9{\Ht)\\L,(0;R)) ((idL2(0;Il)-e^^ ^^'^^ ) ^^0, ^^0 



L2iO;R) 



dW{t) 



+ (1 



-T2 



dPF(t). 



L2(Ci;R) 

The last step is due to the fact that {w,Vo)l2(o) = for all w G A{H^{0) HIIq^O)), 
a consequence of Green's formula; see [T2| Theorem 2.3.3 and Lemma 2.5.4]. By Ito's 
isometry, 



dt 



Jo 

and therefore we know that P(ms 7^ 0) > if 

P(S)dt(^{{u,t)enx [0,T]:g{\\uiu,t)\\L2iO;R)) > o}) > 0. (3.17) 

Note that g(^\\u{u,t)\\L2(0;'R)) > if, and only if, t)||i2(c).R) > c. Due to the orthogo- 

nality of Mo and Vq, 



I«WIIL(0;R) = ll«o|lL(0;R)(^W)^ + 



9[ms)\\L2iO;R) 



,(i-s)Ag 



dW{s) 



where we have set X{t) := e-^^"" + e-^*-")^^ dW{s). Thus, 
F®dt(\{cu,t) enx [0,T] : \\u{cu,t)\\L,(0;R) > c 
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^ F ^ dt[ < {oj,t) e Q X [0,T] : \X{uj,t)\ > - — M > 

\ [ \\Uo\\l2{0;R) J J 

by standard properties of the one-dimensional Ornstein-Uhlenbeck process X = (X(t))tg[o,T]- 
This proves fl3.17p . hence P(us 7^ 0) > 0. To see that P(ms 7^ 0) < 1, we fix a continuous 
modification of X and estimate 

P(ms = 0)^F(ue L2{0,T;H\O)) ^ L2{0,T)^H\O) 
^ P I sup \X{t)\ < - — I > 0. 

\te[0,T] |Fo||l2(0;IR) J 

The penultimate estimate holds because u = (■u(t))tg[o,T] defined by 

is a predictable modification of u (due to the uniqueness of the solution to Eq. (11. ip ) so 
that the equality u{co, ■) = u{u, ■) holds in -^2(0, T; Hq{0)) for P-almost all u E Q. 

4 Auxiliary results 

4.1 A Paley- Wiener type theorem 

As mentioned in the introduction, Theorem 13.31 will be proved with the help of a Laplace 
transform argument. If we used only the Fourier transform instead, we would run into 
technical troubles when carrying out the inverse transform leading to the singular part 
$ * EqS. Moreover, we would not be able to show that the support of $(tj) G 
^-s+i/2(i-a)(^j^)^ defined for P-almost every u E Q hj (13. 8p . is contained in [0,oo). The 
latter is a consequence of a Paley- Wiener type result, which we present in this subsection. 
Its proof is similar to the ones of Theorems 8.2-3 and 8.4-1 in |10]. However, since our 
assertion is slightly different, we present it here for the sake of completetness. 

The Laplace transform of a tempered distribution G iS'(R) with supp0 C [0, 00) can 
be defined, at least for all z G (0, 00) -|- iH, by setting 

(£0)(.):=(Ae-^(-),0>,(^^^,,(^^, (4.1) 

cf. [lOl Chapter 8]. Here, A is a C°°(R)-function with support bounded on the left, which 
equals one in a neighborhood of [0, 00), and e~^^'^ denotes the function R 9 1 1— e~^* G C. 
The right hand side in (14. ip makes sense since \e~^^'^ G S{F) and the definition obviously 
does not depend on the specific choice of the function A. If is a regular distribution, 
then (£0)(z) = e~^^(j)(t) dt. Remember that we use the normalization (J^0)(^) = 
Jj^e~'^^^(j){t) dt, (j) G Li(R), ^ G R for the Fourier transform with its usual generalization 
to 5'(R). 
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Theorem 4.1. Let f : [0, oo) x — > C be continuous on [0, oo) x iH and holomorphic on 
(0, oo) X iR. Assume that there exists a polynomial P such that 

\f{z)\^P{\z\), ze[0,oo)+iR. 

Then, the inverse Fourier transform 

of the boundary function f{i ■ ) : R — j- C, ^ i— )■ f{ii) satisfies 

supp C [0, oo). 
Moreover, {C(f)){z) = f{z) for all z G (0, oo) + zR. 

The foUowing weh-known facts concerning the Laplace transform will be used in the 
proof of Theorem 14.11 (statements (i), (ii)) and in Subsection l5.3l (statement (iii)); for proofs 
see [ini Sections 5.4, 8.3, 8.5]. 

Lemma 4.2. Let(j), t] G 5'(R) such that supp (p, suppr/ C [0, oo). The following statements 
hold: 

(i) (£0) {c + i-)= J^{e-<-^) , c> 0, 

(ii) [/:(fr0)] {z) = ^"(/:0)(z), z G (0, oo) + iR,ne INq. 

(iii) The convolution (p * rj is also an elemnet of S'(Ii), supp(0* rj) C [0,oo), and 
[£(0 * T])] (z) = {C<P){z) ■ {Cr]){z), z G (0, oo) + zR. 

In the first statement of Theorem 14. 2[ the expressions (£(/))(c+z ■ ) and e~^^'^ denote the 
functions R 9 i— > (C(l)){c + i^) G C and R 9 t t— t- e^^* G R, respectively. The term e~^'^'^(f) 
is understood as the product of a C°°(R)-function and a distribution in V'(R). Using 
that (j) belongs to 5'(R) and that the support of is bounded on the left, it is easy to 
show that e~^^''>(j) is continuous w.r.t. the topology on 5(R), i.e. e~'^^'^0 G iS'(R). One has 
(77, e-''(-)0)5(]a)x5'(R) = (Ae-^(')?7,0)5(]a)x5'{R) for rj G 5(R), where A G C°°(R) has support 
bounded on the left and equals one in a neighborhood of [0, 00). 

Proof of Theorem \4.1\ Due to the polynomial boundedness of /, the boundary function 
f{i ■ ) belongs to S'{R) and = J^'^(f{i ■ )) defines an element in S\R). Let iV G IN be 
such that / : [0, 00) + iR — )■ C defined by 

/» := ^iI'Iy ^ zG[0,oo)xzR 

satisfies 

I hz) I ^ rr^' ^ e [0, 00) X iR. (4.2) 
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Set := J-" ^[f{i ■ )), where f{i ■ ) denotes the function f{i ■ ) : R — > C, ^ h-)- /(i^). Then 
= ( id5/(]a) by the analogue of Lemma l4.2( ii) for the Fourier transform. We 
also have supp0 C supp0 and, if supp0 C [0, oo), {C(f)){z) = (1 + z)^ {C(f)){z) for all 
z G (0, oo) + iR by Lemma [4.2r ii). Therefore it suffices to show 

supp C [0, oo) and (£0) (z) = f{z), z G (0, oo) + iR. (4.3) 

For c,b > let be the closed, rectangular path of integration with vertices —ib, 
c — ib, c + ib, ib and counterclockwise orientation. By Cauchy's integral theorem we know 

/ e''f{z)dz = 0, teR, (4.4) 

for all e > 0. Since / is uniformly continuous on bounded subsets of [0, oo) + iR, f l4.4p 
remains true for e = 0. Considering the limit 6 — ?■ oo and using (14. 2 p we obtain 

[ e*'«/(zOde= / e'^'+'^'>f{c + iOd^, teR, 
Jr Jr 

and therefore 

m = ^ [ e*(^+^«)/(c + zOd^, t G R, (4.5) 
for all c > 0. Note that can be assumed to be continuous since J^(j) = /(^ ' ) ^ -^i(R) due 

to (USD. 

To prove the first assertion in (14.31) we denote further by Ac,b the closed, rectangular 
path of integration with vertices c — ib, (c + 6) — ib, (c + 6) + ib, c + ib and counterclockwise 
orientation, c,b > 0. Fix t < and c > and observe that 

0=1 e''f{z)dz — > - [ e*("+^«)/(c + i^)d^, b ^ oo, 

by Cauchy's integral theorem and (14. 2p . Thus 0(t) = for all t < by (14.51) . 

The second assertion in (14. 3 p now follows by multiplying both sides of (14.50 with e"'^*, 
applying the Fourier transform and using Lemma [4.2( i). □ 

4.2 Estimates for the Helmholtz equation 

The application of the Laplace transform w.r.t. the time variable to Eq. (II. ip will lead to a 
Helmholtz equation on O with zero Dirichlet boundary condition and stochastic right hand 
side, cf. Lemma 15.11 In this subsection we consider the same equation with deterministic 
right hand side. We derive a decomposition of its solution into a regular and a singular part 
(based on the decomposition of the solution to the Poisson problem) and state estimates 
from [11], [13] for the H^{0)-noim. of the regular part and the coefficient of the singular 
part. In Subsection 15. 2[ this decomposition and these estimates will be applied to the 
solution to the random Helmholtz equation resulting from Eq. (II. ip . 
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Given g G L2{0) and z G C \ ^(A^), we are interested in the unique solution w in 
Hq{0) to the problem 

— Aw + zw = g. (4.6) 
We may rewrite (14.61] in the form of a Poisson equation, 

-Aw = g:= idL^(o)-z{zidL2(o)-Aa) ^ g- 

By what has been said at the beginning of Section [31 there exists a unique c G C, given 
by c = {g, vq) l2(0), such that w — cS belongs to H^{0) fl Hq{0). In what follows we write 
w = w{z) and c = c{z) to indicate the dependence on z. Thus, 

w{z) -c{z)S e H\0)nH^{0). (4.7) 

Note that we can rewrite c(z) in the form 



z) = {g,viz))^^^^^ (4.8) 



with v{z) G L2(C) as in (K2\\ . 

For 2; G C \ (—00, 0) we have S — e~^^S G H^{0), and consequently 



wiz. 



- c{z)e-'^'S G //'(C) n lll{0) (4.9) 



with the same constant c{z) G C as in (14.71) . Here and below we make slight abuse of 
notation and write e"''^ for the function 

C 9 X = (xi,X2) = (r cos^,r sin6') i-)- e"*"^ G C. 

By i/i we mean the complex root of 2; G C \ (—00, 0) whose real part is nonnegative. It 
turns out that defining the regular part wr(-2) of wi^z^ as the function in (14. 9 p instead of 
the one in (14. 7p . i.e., setting w^iXz) := w{z) — c{z)e~'^^S, leads to a faster asymptotic 
decay of the i/^((9)-norm of wji{z) in dependence of z. For this reason we define wniz) as 
above, so that 

w{z) = wk{z) + c{z)e-'^S. (4.10) 

The following result is taken from [HI Section 2]; compare also Section 2.5.2], [T3| 
Theorem 5.1]. Recall that we have set a = n/'j, where 7 G (tt, 2tt) is the interior angle of 
do at 0. 

Theorem 4.3. Consider the decomposition (I4.10p of the solution w = w{z) G H^{0) to 
Eq. (14. 6p . Given any angle 6q G (0,7r), there exists a constant C > 0, depending only on 
6q, O and the cut-off function rj in (13. ip . such that 

\\wk{z)\\hho) + (1 + k|)(^-")/'|c(z)| ^ C\\gh,io) 
for all g G L2{0) and z G C with \ aigz\ ^ 9q. 
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Remark 4.4. (i) The proof of Theorem 14.31 is based on an alternative representation of 
the function v{z) e L2{0) in (H^ that we have defined in <^^. For t G (0, oo) + iR, let 
'ipi^z) G L2{0) be given by 

iIj{z){x) := iIj{z,x) := ri{x)e^'^^r^" sin(a6'), x = (xi, X2) = (r cos 6, r sin 6) G O, 

with r] G C°°(0;R) as in ([31]). One can show that ( - A + zidL2{o))^{z) G H-\0), 
cf. [Til Lemma 2.3], [T2l Lemma 2.5.4]. Let ^p{z) be the unique solution in Hq{0) to the 
problem — A + z idL^(^o))v{z) = { — ^ + zidL^(^o))4'{z)- Then, the arguments in [TTl 
Section 2] and [121 Section 2.5.2] imply 

v{z) = -{ip{z) - ^{z)). 

TT 

Note that this representation of v{z) is slightly different from the one derived in [TTl 
Section 2]; its proof follows along the lines of [121 Section 2.5.2]. 

(ii) In the course of the proof of Theorem 13.31 it will be convenient to make use of 
the fact that A{H^{0) n H^iO)) is a closed subspace of ^2(0). This follows from [HI 
Theorem 2.2.3]. In particular, the orthogonal projection Pjv to the orthogonal complement 
N := [A{H^{0)nH^{0))]^ in ^2(0) is well defined. Using this notation, it is not difficult 
to see that = C ■ v{0) = C ■ vq and 

Pm{AS) 
v{0) =Vo = -YT^2 • 



5 Proof of the main result 

In this section we present the proof of Theorem 13.31 We suppose that all assumptions of 
Sections |2] and [3] are fulfilled. 



5.1 Laplace transform of the stochastic heat equation 

Let us denote the w-wise, vector-valued Laplace transform w.r.t. t of the mild solution 

u = {uit))te[o,T] to Eq. (JTID by 

U{z) := ! e-''u{t)dt, 2 G C. (5.1) 
Jo 

The integral in (15. ip is an w-wise Bochner integral in Hl{0). Recall from Subsection 12.21 
that we have fixed a modification of u such that all trajectories [0,T] 3 t ^ u{ijj,t) G 
H^{0) belong to L2{0,T; H^{0)) and the mapping n 3 uj ^ u{uj) G 12(0, T; H^{0)) is 
TT/B{L2i0,T;H^{O)))-measuTah\e. We have 

U{z)eL2{Q,J'T,'P;H'oiO)), zee, (5.2) 
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as a direct consequence of fl2.6p . Also recall from Section [3] the definition f l3.4p of H{z), 

H{z)= [ e-''F(u{t))dt+ [ e-''G{u{t))dW{t)-e-'^u{T)+uo, z e C, 
Jo Jo 

and the assertion ()3.5p . 

H{z) eL2{n,J^T,'P]L2{0)), zeC. 

The following lemma describes how the Laplace transform w.r.t. t turns Eq. fll.ip into 
a random Helmholtz equation. 

Lemma 5.1. For all z ^ <C we have, ¥-almost surely, 

(Vt/(^), V^>^^(^^^,) + (zUiz), ^)^^^^^ = {H{z), y.>^^(^) for all ^ e Hl{0). (5.3) 
Thus, for all z & G the equality 

-AU(z) + zU{z) = H{z) 
holds as an equality in L2 (fi, J^t, P; -^2(C^)) ■ 

Proof. Because of the separability of H^{0) it suffices to show that, for all z G C and 
if e H^{0), the equality (VU{z),V(p)l2{0;€^) + {zU {z) , ip) l^^^q) = {H (z) , (p) L^io) holds 
P- almost surely. 

Since the mild solution u to Eq. f ll.ip is also a weak solution (cf. [331 Theorem 9.15]), 
we have, for all t G [0,T] and all real-valued G D{A^), 



L2(o) ' \- y-'y- ' n ^ / L2{o) 



ds 

(5.4) 



P-almost surely. Here, for fixed w G fi, (G{u{uj, s))[-],ip') j^^^^-^ denotes the operator in 
J^2(t^o;C) ^^2(f/o;R2) defined by {G{u{uj, s))[-lip) ^^^^^w ■ = {G{u{uj, s))w,ip) ^^^^^^ for 
w G L2{0; R). Obviously, (15. 4p extends to complex-valued test functions ip G /^(A^). 

As a consequence of (15. 4p . for all ip G D{/S^) the process ((^(t), v^)L2{C'))ig[Q -p] has a 
modification that is a continuous semimartingale in C = R^. For this modification, (15. 4 p 
holds P-almost surely for all t G [0, T] simultaneously. Let us fix a and this modification 
and apply Ito's formula (see [31], [32]) to the C^-valued continuous semimartingale 



e 



(^),</')l2(o))) 



te[o,T] 



and the function / : — )■ C, {zi, Z2) ^ /(-Zi, -22) = zi ■ Z2. We identify these objects in the 
usual way with the corresponding R^-valued semimartingale and the function / : R^ — 
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(xi,?/i,X2,i/2) ^ fixi,yi,X2,y2) = ixiX2 - ym, Xiy2 + y 1X2), compare Remark O 
For clarity we indicate multiplications of two complex numbers by dots in the following 
calculations. Ito's formula gives 

(M(t),<^)L2(o) ■de-"* + 



Tr 



e ' ■d{u{t),ip)L,(o) (5_5) 



where the last integral equals zero since the cross-variation of a process with bounded 



variation and a continuous process is zero, and 



-/ 



= 0. (Actually, this 



dxidyi •' dx2dy2 • 

application of Ito's formula is nothing but integration by parts, compare [211 Section 26.9].) 

A common monotone class argument yields that the C = R^-valued semimartingale 
integral {u{t), ^9)^2(0) -de"^* is an w-wise Lebesgue-Stieltjes integral for almost all u E Q, 
so that we obtain 



L2{0) 



-de- 



-zt 



{u{t),ip)L2{0) ■ 
-T 



'-z) ■ e^"* dt 



- z ■ 



(5.6) 



-zt 



u{t) dt, ip 



L2{0) 



lo being an w-wise Bochner integral in Hq{0). (To be more precise, since we are 

dealing with complex multiplication, each component of the C = R^-valued semimartingale 
integral {u{t) , ip) l^(^o) " de~^* is a sum of w-wise Lebesgue-Stieltjes integrals for almost 
all (jj G VL) By (15. 4p and a standard rule from stochastic calculus (see [311 Section 26.4]) 
we have 



-zt 



d(M(t),(^)i2(0) 



+ 



-zt 



-'■{G{u{t))[.l^)^^^^^m{t). 



dt 



(5.7) 



Due to the construction of the stochastic integral. 



-zt 



-zt 



G{u{t))dW{t),^ 



L2(0) 



{5.1 



and due to the construction of the Bochner integral and the fact that U{z) = e '^*u{t) dt 
takes values in Hq{0), 



-zt 



I e-'' ■u{t)dt,A^^) +( [ e-'' ■ F(u{t))dt,^) 

Jo ' L2{0) \Jo I L2 



dt 
■T 



{O) 



(5.9) 



-(vU{z),Vip 

\ ^ ' ^/L2{0;€^) 



T 



e-'' ■ F{u{t))dt,ip 



L2(0) 
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The combination of flS.Sp . f l5.6p . f l5.7p . f lS.Sp and (15. 9p finishes the proof. □ 

If we find a continuous modification of the L2(C)-valued random field {H{z))z£(c, then 
for this modification Lemma [5.11 will immediately be strengthened: The assertion 

(Vf/(z), V</^>^^(^^c,) + {zUiz),ip)^^^^^ = (Hiz),^)^^^^^ for all E Hl{0), z E C, 

will hold P-almost surely. In other words: P-almost surely, 

-AU{z) + zU{z) = H{z) for all z E C. 

In order to be able to apply Theorem 14. II in a later step of our proof, we are going to show 
that the L2(0)-valued random field {H{z))z^(c has a holomorphic modification. One way 
to do this is with the help of the next lemma, which, above all, will play a crucial role in 
Subsections 15.21 and 15.31 

Lemma 5.2. Consider the linear and continuous mapping 

X : L2(0,T) ^ L2(l), J-T,P;L2(0)), ^ 

defined by 

X{(t)):= f (t){t)F{u{t))&t+ I 0(t)G(M(t))dVr(t), 0G L2(0,T), (5.10) 

and let s > 1/2. There exists an operator-valued random variable 

XEL2 (fi, J-T, P; ^2{H\0, T); ^2(0))) 

such that the assertion 

X{4>){uj) = X(w)(0) for F-almost all co E Q (5.11) 

holds for all^E H'{0,T). 
Moreover, we have 

(5.12) 

where C > depends only on s and T, and where u = {u(t))te[o,T] denotes the modification 
of u = ('u(t))(g[o,r] that is continuous in L2(C;R), cf. Theorem \2.B. 

Proof. Let (0fc)fceM be an orthonormal basis of -/^'^(O, T) and let (0'fc)fceM := ((■, <Pk) H<'{o,T))k£¥i 
the respective dual orthonormal basis of {H^{0, T))'. As described in Appendix[Al we iden- 
tify ® X(0fc)(u;) E {H'{Q,T))'®L2{0) with the element in ^2(^'(0, T); ^2(0)) that 



26 



maps G H'{0,T) to (0'^, 0)(H^(o,T))'x//no,T)X(0fc)(u;) = 0'fc(0)X(0fc)(u;) G ^2(0). It is 
determined P-almost surely by flS.lOp . For n, G IN we have 



E 



N 



N 

, l|2 



^2{H'>{0,T);L2{O)) k=n 



\L2(0) 



k=n 



^fc|lL2{0,T)- 



Here we have used Holder's inequality and Ito's isometry. Note that E||X(0fc) ||? z.^-, and 



tG[0,T] 

(5.13) 

'^k)\\L2(0) 

E ||F(M(t))||^^^(p^dt do not depend on the specific choice of a (measurable) modification 

of M. Moreover, both E/^^ \\F{u{t))\\l^dt and Esupjg^o.T] l|G'(^W)ll|'2(t/o;L2(o)) ^^^^^ 
due to Assumption 12.11 and Theorem 12.21 

Since for s > 1/2 the embedding map H^{0,T) L2(0,T) is a Hilbert-Schmidt oper- 
ator — see Theorem 4.10.2 and Remark 4.10.2/4 in |36j — the right hand side of f l5.13p 
tends to zero as n, — )■ 00. This means that the limit 



N 

X := L2(Q,J^T,'P;^2(H''{0,Ty,L2{O)))- lim V^^^X 



k=l 



exists, and f l5.12p holds with a constant C > that depends only on s and T. 

Next, note that the evaluation at some G H^{0,T) is a continuous mapping from 
L2 (fi, JV, P; =§^'2 (i^'(0, T); i:2(C))) to L2(fi, Jt, P; L2iO)) and that the mapping H'{0, T) 3 
I— !■ X(0) G L2(fi, J-T, P; -^^2(C')) is continuous. We obtain 



N 

X{ 0(0) = UQ, J^T, P; ^2(0))- lim V 0U0)X(0 

k=l 

= x(H%0,T)-\im f;0',(0)0fc') 

^ k=l ^ 

= X i7^(0,T)- lim 5^(0,0fc)i^.(o,T)<? 



^ k=\ 

= X(0) 

for all G H'^{0,T), where X(-)(0) denotes the random variable fl 3 u X{u){(p) G 
1.2(0). □ 

Remark 5.3. The restriction of the mapping X in Lemma 15^ to the domain C^((0, T)) C 
^2(0, T) is an L2(C)-valued, generalized stochastic process on (0, T). It can be interpreted 
as the distributional time-derivative of the L2(0)-valued stochastic process 

F{u{s))ds + G{u{s))dW{s)'^^ (5.14) 
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Since the embedding Hq{{0,T)) -ff'^(0,T) is isometric, hence continuous, the w-wise re- 
striction of the mapping X in Lemma 15.21 to the domain Hq{{0,T)) belongs to 
L2{n,J^T,^;^2{H^{{0,T)y,L2{O))). Thus, flHUD asserts that the distributional time- 
derivative of (15.141) has a modification that extends to an element in 
L2(fi, JT,P;^^2(i^o((0,T));L2(C))). Identifying the spaces ^2{H^iiO,T)); L2{0)) and 
iJ^'^((0, T))®L2(C) as described in Appendix Rl we have, in a formal sense, 

F{u) + G{u)^^ E L2 {n, Tt, P; ^^^-^((0, T))®L2{0)) . 

Remark 5.4. For the sake of clarity we have distinguished notationally between the eval- 
uation X(0)(ci;) of the L2{fl, J-'t, P; i^2(C'))-valued operator X and the evaluation X{u){(f)) 
of the operator- valued random variable X in the formulation and the proof of Lemma 15.21 
In what follows it will be more convenient to write X{u,(f)) instead of X{u){(f)) and to 
denote the mapping u X{ijj,(j)) by X( ■ , 0) or X{(f)) instead of X( ■ )(0). This is coher- 
ent with our notation for evaluations of the solution u G L2{^1, J-'t, P; -^^2(0, T)^Hq{0)) at 
u E fl and test functions G L2(0,T), ip G Hq{0) introduced in Subsection 12. 2[ We will 
use similar notation for all other operator-valued random variables to appear below and 
explain its precise meaning whenever need be. 

Lemma 15^ implies in particular the existence of a holomorphic modification of {H{z))ze€- 

Lemma 5.5. The L2{0)-valued random field {H{z))z^(c defined by (13. 4p has a holomorphic 
modification. 

Proof. For fixed z,w E C consider the function 

(0, T)3t^ G C (5.15) 

w 

By a straightforward calculation, as w — )■ 0, this function converges in C^((0,T)) 
if^(0,r) to the function (0,T) 3 t ^ -te"^* G C. By Lemma O we know that 
(X(e~^*^'^|(o,r)))^gj^ is a modification of 

(X(e-^(-)|(o,r))),,c= f r e-^'F{u{t))dt+ f e-'G{u{t))m{t)] 

\Jo Jo / zec 

and that the mapping H^{0,T) 3 (p X{uj,(j)) G L2{0) is linear and continuous for all 
CO E ri. Here e~^^'^|(o,T) denotes the function (0,T) 3 t t-^ e^^* G C. It follows that the 
mapping € 3 z X(uj, e^^^'^|(o,T)) ^ L2{0) is holomorphic for all tu E Vl. Consequently, a 
holomorphic modification of {G{z))z,^([; is given by (X(e~^'^'^|(o,r)) — e^^'^u{T) + for 
arbitrary fixed versions of Mq, u{T) E L2{VL\ L2{0)). □ 

For cj-wise argumentations concerning the random field {H{z))z^([) we always refer to a 
fixed holomorphic modification from now on. 
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Remark 5.6. Alternatively to using Lemma [5 ■2[ one can prove Lemma [5.51 with the help 
of Ito's formula, which implies the equality 



j e-''G{u{s))dW{t) = e-'^ j G{u{s))dW{t) + z j e-'''{^j G{u{s))m{s)^dt 

° ° ^^^^^^ 

holding P-almost surely for every fixed 2; G C. Here one takes a continuous version of the 
L2(C)-valued process ( j^G{u{s))(iW{s))^^^^^rj.y It can be shown that the right hand side 

of f l5.16p defines a holomorphic modification of { e^^^G{u{s))dW {t)) 
5.2 Decomposition of the transformed equation 



The results of Subsection 15.11 imply that there exists VLq G J-t with P(no) = 1 such that, 
for all a; G ^0 and all z G C, U{oj, z) = e~^^u{uj,t)dt G D{A^) satisfies 

- AU{uj,z) + zU{u,z) = H{uj,z). (5.17) 

Here and in the sequel we write U{u, z) and z) instead of U{z){uj) and H{z){(jj). 
We apply the results of Subsection 14.21 For a; G f2 and ^ G C \ ^"(A^) define 



c{u,z) = {H{uj,z),v{z))^^^^^ 

I DN-ll \ (5-18) 

\dL^{p)-Z\Z\dL^[p)-Ao) H{u,z),Vo) , 

J / L2(0) 

where v{z) G L2{0) and vq = f(0) G L2(0;R) are as in (13. 2p : compare (14. 8p . Also, for 
u E Q and z G C \ (—00, 0) we set 

Un{oo,z) := (^idz.,(o) -Ag)"'i/(u;, - c(a;, ^)e-^'v^5, (5.19) 

compare (gS]). Then Ur{uj,z) G H'^{0) n H^{0) for all u e Q, and for all u e Qq and 
2; G C \ (—00, 0) we have a decomposition of U{oj, z) of the type (14.101) . 

U{uj, z) = Un{uJ, z) + c(w, z)e-"^^. (5.20) 

Let us collect some properties of c{uj^z) and [/r(u;,z). 

Lemma 5.7. (i) Forw G and z G C\L)(Ag), /ei c{(jJ,z) e G he defined by fl5TT8D . T/ie 

c(^) : ^] ^ C, w H-> c{z){u) := c{u, z), z eG\ D{A^), 
are J-j'/i3(C)-meas'ura6/e. All trajectories 

c{uj,-) : C\D{A^) ^ C, z c{uj,z), a; G fi, 

are holomorphic. 
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(ii) ForuoeVL andze C\(-cx),0), letUniuj,z) G H\0)nH^{0) be defined by (ICTjl . 
The mappings 

U^iz) : Q ^ H\0), u ^ Un{z){u) := U^{u,z), z G C \ (-oo,0), 
are J-'t/B(^H'^{0)) -measurable. All trajectories 

Uk{uj, ■) : C \ (-00, 0) ^ H\0), z ^ Un{oo, z), u e 
are continuous on <C\ (—00, 0) and holomorphic on C \ (—00, 0]. 

Proof, (i) The measurability property is obvious. The holomorphy property follows from 

the holomorphy of the resolvent map C \ (^(A^) 3 z ^ [z 16.12(0) ~^o) ^ ^ ■^(-^2(C^)) 
and the holomorpy of C 9 z 1— ?■ H{uj, z) G L2{0) for all u & Q. 

(ii) Since ||j:^2(0) ^ C\\Aw\\l.2(o) for all w G H'^{0) fl -f^o(^) ^i^^ a constant C > 
that does not depend w (see, e.g., [121 Theorem 2.2.3]), it suffices to verify the assertions 
with Uji{co,z) replaced by AUii{u,z) and with H'^iO) replaced by L2{0). For all u; G i7 
and z G C \ (-00, 0), 

A[/r(u;, z) = A(;2id,.,(o) -Aiy^H{uj, z) + c(a;, ^)A(e-^'v^5) 

izidL,io) -AB)"' - idL.(o)] z) + c(a;, z)A(e-^v/^5). 

Now the measurability property is obvious. As in (i) one sees that the mapping 
C \ (T(Ag) 3z^\z{z idL,io) -Ag)"' - idL,io)] H{io, z) G L^iO) 

is holomorphic for all w G f2. A direct calculation and an application of the dominated 
convergence theorem shows that the mapping 

C\(-cx),0) 9 2h^ A(e^"^S) GL2(C) 

is continuous on C \ (—00, 0) and holomorphic on C \ (—00, 0]. □ 

As a direct consequence of Theorem 14.31 we have 

Lemma 5.8. Consider the decomposition (15.201) ofU{uj,z) = e~^^u{oj,t)dt G Hq{0), 
which holds for all w G fio ^^^^^ all z & C \ (— oo,0), where P(i7o) = 1- Given any angle 
6*0 G (0, vr), there exists a constant C > 0, depending only on Oq, O and the cut-off function 
rj in (13. ip . such that 

||^r(c^,^)L2(o) + (l + kl)^'""^^'|c(w,^)| ^C\\Hiij,z)\\^^^^^ 
for all u & Qq and z G C with \ aigz\ ^ 6q. In particular, 

+ (1 + l^l)^''°^^'lk(^)|lL,(Q;C) ^ ^ 1 1 ^ ^ 1 1 L,(f7;L,(0)) 

for all z & C with \ aigz\ ^ ^q- 
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In combination with Lemma I5.8[ the following result will enable us to derive assertions 
concerning the Sobolev regularity and the supports of the inverse Fourier transforms of 

Lemma 5.9. Let s > 1/2 and let 

X e L2 {Q, It. P; T)- L^iO))) 

he as in Lemma \5.'A There exists a constant C > 0, depending only on s, such that, 
¥ -almost surely, 



f (l+f=)-'||H«)|lUd« 



^ ^ ( ll"'^ll^2(H=(0,T);L2(Cl)) + lh(-^)|lL2(Cl) ^ lho|lL2(0) 



(5.21) 



and 

\\H{z)\\ <; el^*''^l"(-°°'Oi(^'''') 11x11 {l + \z\) 

I|^^^^IIl2(0) ^ ll^ll^2(//»(0,T);L2(O))^^ ^ 1^1^ j-g22) 



Proof. Fix a version of the random variable X G -^^2(^2; =Sf2(-f^^(0, T); L2{0))) from Lemma 1572] 
and observe that, for P-almost all w G fi, we have 

H{u,z) = X(a;,e""(-)|(o,T)) - e-'^u{uj,T) + uo{uj) for all 2 G C, 

where e~^*^'^|(o,T) denotes the function (0,T) 3 t h-> e^^* G C. (Recall that we consider 
a fixed holomorphic, hence continuous, modification of the L2(0)-valued random field 

Assertion (15.221) follows from 

^ II^L2(Hn0,T);L2(O))ll^""^'^l(0.^)L=(0,T) + 11^0 " e~'^ u{T)\\ ^^^^^ 

together with 

lh"^"l(o,T)L.(o,^) ^ T\\e-<\oX)\\cHio,T)) ^ el^^^l"(-oi(^'^^)(l + |.|) 



and 

In order to prove (15.211) we write 



no-e-^^^T)||^^(^^ ^ ||no|L^(^)+el^-l"(— i(^-)||n(T)||^^(^^. 



2 

^^2(0) 



+ 2 / (l + a"1ho-e-^«^^T)||^^^^^de 



(5.23) 



'R 
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and estimate each term separately. Clearly, 

(1 + ey'ho - e-^^^u{T)\\'d^ ^ C (||«o||L.(a) + ll^(T) |U.(a))' (5.24) 



where C = 2 J^{l + ''d,^ is finite since s > 1/2. 

To estimate the first term on the right hand side of the inequality (15.231) , we extend X G 
L2in;^2iH'{Q,T);L2{0)) to an ^2iH'(Ry, L2iO))-valued random-variable by setting 

Xext(w, 0) := X{u, 0|(o,T)), uen, (pe H'{R). 



This definition makes sense since ||0|(o,r)||/i'^(o,T) ^ ||0||_f/=(R) according to Definition lA.H 
and we have 



^ X(uj) 



\j^2{H-{0,T);L2{O)) 



li?2(H''(R);L2(Cl)) 

Moreover, for all w G and ^ G R, 

Xext(c^, A(-)e-^«") = X(u;,e-^«"|(o,T)). 



(5.25) 



(5.26) 



Here and below A(-) is a C(^(R) -function which equals one in a neighborhood of [0,T]. 

Next, let {^kjki^m be an orthonormal basis of L2{0) and, for A; G IN, define Xk G 
L2(fi,J-T,P;i/-lR)) by 



:= (Xext(w, 0), <^fc>L,(o), ujeVl, (t)e H'{R). 



With the natural embedding of H '*(R) into 5'(R) the identity {|Xfc(a;),0) 



_ff-^(R)x_H"''(R) 



5'(R)x5{Il) 



holds for G 5(R). Also, for all a; G f2 and /c G IN, we have 



[j-,^^(X,(u;))](0 = (X,(a;),A(-)e-^«">^, 



5'{]R)x5(R) 



for A-almost all ^ G R, (5.27) 



see, e.g., ^Oj Theorem 7.4-3]. Using fl5.26p . Parseval's identity, fl5.27p and the norm equiv- 
alence mentioned subsequent to (IA.4p . we obtain 



R 



R 



L2{0) 

{i+er ^ext (A(-)e-^^") 



L2{0) 



X,,A(-)e-''«" 



5'(R)x5{R) 



(5.2^ 



de 
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For fixed we n, let X*^^{uj) = X*^^{uj, ■ ) G ^(^2(0); H'{R)) be the adjoint operator 
of Xext(w) = -^cxtl^^, ■ ) e =Sf2(if''(R); L2{0)) in tlie Hilbert space sense. Tlien 



(R) 



|xi,ML... .... ....... = IIXextM 



and 

"^extv"^;il^2(i2(ci)./^«(R)) - ||^'-cxtv^;||^2(/fs(R).i2(0))- 
Togetlier witfi fl5.25p and (15.281) tliis yields 

2 

L2(0) 

Tfie combination of ([5231), fl^^ and fl^:^ yields fICT]) . □ 



R 



(1 + X(a;,e-^^(-)|(o,T)) ^ _de ^ C'||X(u;)||^^(^.(„^^)^^^(^^^, u G fi. (5.29) 



5.3 Inverse transform 

We are now ready to invert the vector-valued Laplace transform of u = (u(t))tg[o,T] in terms 
of the decomposition (I5.20p . 

U{uj, z) = Ur{uj, z) + c(a;, z)e-"^5, z G C \ (-cx), 0), 
which holds for P-almost all w G f2. It will be convenient to introduce the notation 

M(a;) := ||^(c^)||i,(^.(o,T);L.(o)) + ^) llL(o) + IhoHH'^(o), G (5.30) 

so that M G i^i(f^, /"t, P)- Here we consider again an arbitrary fixed version of the random 
variable X G L2(fi; J^2(^?''(0, T); ^2(0))) introduced in Lemma O 

5.3.1 Inverse transform of f/^ 

Lemma [5. 8 1 and Lemma [5.91 imply that, for P-almost all u; G fi, 

I (l + e')"1|t/R(c^,^0||H2(o)de^CM(a;) (5.31) 

and 



||t/R,(u;,2;)||^,^^^ ^ V3M(a;)(l + |z|), z G [0, cx)) + «R, (5.32) 

where the constant C > depends only on s, (9 and the cut-off function r] in (13.11) . For 
convenience, let us redefine t/R(a;, z) := G H'^{0) for 2 G [0, cxd) + iH and all w G such 
that flOT]) and does not hold. 

For ip G (if^(C))' and c; G we define 

<,rM := '^f4t(^R(^' ^ ■ <^>H2(o)x(f/2(o))" (^-33) 
33 



where ([/^(ci;, i ■ ), V5)^2(0)x(//2(c'))' denotes the function 

By Theorem SH Lemma EH fICTD . (K^ and frO]) . we have G H'^CR) and 

suppw^ P{^(a;) C [0, oo). Moreover, for all u E Q and all ip G 

^c'MMII<^ll^2(o))' 



where C > depends only on s, O and r/. 

For all u; G r2 the linear and bounded mapping u^_^\^{uj) : {H'^{0)y — > i7^'^(R), (p i— )■ 
^+r(i^) is a Hilbert-Schmidt operator: If {'Pk)km is an orthonormal basis of (if ^((9))', 
then 



1 1 ( • ) / \ 1 1 2 V ^ II / \ II 2 

\\''^+,Ry^ )\\j^2{{H'2{0)Y;H-^{R)) ~ \r+,R^^n\H-={-R) 

feeM 

=c /" {i+er\\UK{uj,to\\i,^a)^^ 

^ CM(a;). 

(5.34) 

We define 



«+,r(w)(0,v?) := M+,R(a;,0,(^) := «,R(t^), 0>j^-.(ia)xff-(R)' 

a; G fi, G i/"(E), G (i/^(C))', 



(5.35) 



i.e., M4.,R(aj) = L ^ (m^ |:{^(a;)) , where L is the canonical isomorphism from H ^{R)®H'^{0) 
to ^2({H^{0))'] H-'{k)) described in Appendix |Al compare flA^l) . Thus, for all uj e VL, 

II ii2 f w ii2 II ii2 II ii2 \ 

P+,rML-»(r)®h2(o) ^ '^(^II^H|l^2(iy»(o,r);L2(o)) + ^) + Po(t^) j 

(5.36) 

with a constant C > that depends only on s, O and the cut-off function rj in (13. ip . 

Let us check that m+_r(ci;) belongs to H^'^{R)®Hl{0) for all w G For w G 11, 
G ff^(R) and ^ G //"HC'), set 



<,r(w) := J'^4i(f/R(a;, z ■ ), ^>i^i(o)xi^-i( 



and 

m+,r(w)(0,¥?) := m+,r(u;,0,(/?) := «,r(w), 0>jy-.(R)xH=(R)- 
In analogy to the argument above, we obtain 
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Now let J be the natural embedding of Hq{0) into H'^iO) and let idff-s(R) be the 
corresponding embedding of H~^{^®Hl{0) into H^^{J{)®H'^{0). Then, the identity 
id_H"-s(]a) ® J ('U+,r(c(;)) = u+,r(ci;) holds for all w G fi, i.e., G H~^{E}j®Hl{0). 

Indeed, by Proposition \K.2\ 

for w G fi, G H-'{R) and ip G (H^O))', and 

= <,r(^)- 

In order to verify the J-T/'B(iJ~^(R)®-ff^(0))-measurability of u+,r, we note that 
the continuity of the mapping R, 9 ,^ i-)- UR{u,i^) G H'^{0) for all cu G implies the 
J'T/i5(L2(R, (1 + ff2(C)))).measurability of 

n3u^ Uniou, « ■ ) e 1.2 (R, (1 + e')"'de; H\0)) . 

Now the measurability of mr follows from the continuity of the inverse Fourier transform 
J'^^^t ■ ^2(R, (1 + C) ^ H-'iR) and the fact that 



N 



iV-5>oo \ •'/ i?-s(R)xH»(R) 

j,fc=l 

for all G where (0j)jgM and (v5fc)A;eiN are orthonormal bases of if~'^(R) and H'^{0) 
and where (0^)jgiN and (v?'^)A:e]N are the respective dual orthonormal bases of if^(R) and 

5.3.2 Inverse transform of ce~'^^S 

By Lemma [5.81 and Lemma [5.91 we have, for P-almost all a; G fi, 

/ (l + a^^-"^/^->(a;,.Orde^C^MM (5.37) 
Jr 

and 

|c(w,2)| ^ V3M(a;)(l + z G [0, oo) + zR, (5.38) 

where the constant C > depends only on s, O and the cut-off function rj in (13. ip . and 
where M(a;) is defined by (I5.30p . We redefine c{u, z) := for z G [0, oo) +iR and all w G O 
such that (I5.37P and (15.381) does not hold. 
We set 

$(a;) := J'^-4,(c(a;,z-)), ueVt, (5.39) 
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where c{u,i-) denotes the function R 9 ^ — )■ c{ijj,iC,) G C. Theorem 14. Lemma IHTl 
(ESZD, fOg]) and (EaD imply G H^^-^^^-'iR), 



supp$(w) C [0, oo^ 



and 



1^2(0) 



+ lho(w)| 



^2(0) 



(5.40) 



(5.41) 



\^2{H'>{0,T);L2iO)) 

for all w G fi, where C > depends only on s, O and r/. Moreover, 

[C{^{u))]{z) = c{uj,z), CO en, z e (0,00) + iR. (5.42) 

Next, fix ip E L2{0) and consider the function R 9 t i— )► EQ{t,x)S{x)ip{x)dx G C, 
where Eq is defined by fl3.3p : we denote it by EQ{-,x)S{x)({>{x)dx. A direct calculation 
gives 

j EQ{t,x)S{x)ip{x)dx ^ (y |-£^o(i,a;)5'(x)pdxj IblUaCO) 

where C > does not depend on t. In particular, the right sided function Eq{-, x)S{x)({){x)dx 
belongs to 5'(R). For z G (0, oo) + zR, its Laplace transform is 



-zt 



Eoit, x)S{x)(p{x)dx 



o 



o 



lo 



e-'^Eo{t,x)dt S{x)ip{x)d 
'^'S{xMx)dx, 



(5.43) 



where, as in Section Hl2| e denotes the function O 3 x = {r cos 6, r sin 6) e G C. 
The second step in fl5.43p is due to the identity 

^_,t^_3/2g-rV{4<)^^ = e"^^, r > 0, ;z G (0, oo) + zR, 



a proof of which can be found in [9|, Section 8.4], compare also [HI Exercise 3A/3]. The 
application of Fubini's theorem in the first step in f l5.43p is possible since 




|e ''^Eo{t,x)S{x)ip{x)\dtdx 



o Jo 



lo 



o 



e-'-^''^'Eo{t, x)dt\ S{x)\ip{x)\dx 



-rvReT 



''S{x)\ip{x)\dx < OO. 



By Lemma Olfiii). fl5:i2|l and fl5:i3|l we obtain 

C(^^{u)* / Eo{-,x)S{x)ip{x)dx^ {z) = c{u,z) 



'^'S{x)yD{x)dx 



o 
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for all w G and z G (0, oo) + iR. This, together with Theorem 14. 1 1 and the uniqueness of 
the Fourier and the Laplace transform, implies the equality in iS'(R) 

J^f$(w)* y Eo(-,x)S(x)(/?(x)dx) = y c(w,i-)e-"v^S(x)(/?(x)dx, w G 1], (5.44) 

0e-''^5(x)(^(x)dx G C. 



where the right hand side denotes the function R 9 ^ i— )• c[uj^ i. 
Thus, for G L2{p^ = (L2(C))' and w G i7 we may set, in analogy to f l5.33p . 



L2(Ci)x(L2(0))' 

^{u) * I Eo{-,x)S{x)ip{x)dx. 



(5.45) 



Similar to the argument for -u^ above, using fl5.37p and ||e ''^5' 11^2(0) ^ H'S' 11^2(0), 
one sees that for all a; G the mapping h-> u'^g{uj) is a Hilbert-Schmidt operator from 
L2(C>) to i7(i-")/2-^(]p|^). It follows in particular that ($ * Eq S){uj) defined by 



($ * Eo S) (u) (0, if):={^*Eo S) (u, 0, </.) 



$(a;) * / i?o(-,a;)5'(x)v9(x)dx,0 



/f"-''(R)x_ff''(R) 



(5.46) 



v<.s(^) 



'H-»(R)x_H"''(R)' 

w G fi, G if"(R), V G L2(C»), 



belongs to iJ-"(R)(g)L2(0) for all w G 
Now we verify the assertion (13. 7p . i.e. 



($ * 5) {to) i U /f-"(R)®if^+"(0) on G 1] : $(w) ^ 0}. 



It suffices to show that, for all G such that $(u;) ^ 0, the linear mapping L2{0) 3 (p ^ 
m5^ s(u;) G i/(i-")/2~'^(R) can not be extended to an element of ^{{H^+''{0))'; H-'{R)) 
for any r ^ 0. (Recall that we have ^2(0) = (i^2(C))' ^ (i/^+"(C))' by Convention [221) 
Due to (I5.45P and the norm equivalence mentioned subsequent to (lA.4p . 



i2 



[ {l + iey ciu,zO [ e-^^^S{xMx)dx 
Jr Jo 



By the definition fl5.39p of $(0;) we know that $(a;) ^ if, and only if, c{u,i-) ^ 0. 
In this case there exists a bounded set B = B{u) G i3(R) of positive Lebesgue measure 
and 60 = So{u) > such that \c{u!,i^)\ ^ 60 for all ^ E B. W.l.o.g. we can assume that 
B C [0,00); the case B C (— oo,0] is treated similarly. Let ip G L2{0) = (^2(0))' be real 
valued with supp ip C Oe, where Oe '■= On{x = (r cos 9, rsm9):r< e} with e = e{B) > 
such that cos ( — r sin^Ti / 4) ^/^^ ^ Si > for all ^ G -B and r ^ e. Then, for all ^ G -B, 



^S{x)(p{x)dx 



o 



^ c 


I 







COS 



( — r sin(7r/4)A/^)S'(x)v9(x)dx 
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^ C6i 



S{x)ip{x)dx 



where C > depends on O and B. Since the restriction of S to Oe does not belong to 
H^^^iOg) (see [101 Theorem 1.4.5.3]), one can find a sequence {^k)k&'m C L2(0£;Il) C 
L2(Ce) = (^2(Ce))' which is bounded in {H^+'^{Oe))' and satisfies 



hm 

fc— >oo 



oo. 



S{x)(fk{'x)dx 

Thus, hnifc^oo ||^+'°s('^)II-H'"''(R) ~ which imphes the assertion. 
5.3.3 Combining the results 

We know that, for P-almost all uj eVL, the decomposition 

U{u, li) = U^ico, zO + c{u, iOe-''^'S, ^ e R, 
takes place in D{A^), cf. f l5.20p . In particular, for P-almost all u E Q, 

{U{lo,zO,^) = {Uk{u;,zO,^) + {c{co,zOe-'^'S,^), ^ G R, ^ e L^iO), (5.47) 

where we abbreviate (■, ■) = (■, ■ )l2{C')x (1,2(0))' • By the definition (15. ip of U and the 
embedding L2(0) ^ H-^{0), the left hand side in flCTI) can be rewritten as 

([/(a;,zO,</'>Hi(o)x//-i(o) = / e-'^'{u{u,t),^)H^^^o)xH-HO)di ^5_4g^ 

= [-^t^?((w+(^)><^)/fi(O)xH-i(O))](0- 

Similarly, by the definition (I5.33P of ^ and the embedding L2{0) "—^ {H'^{0)y, the first 
term on the right hand side in (I5.47p equals 

(f/R(a;,iO></'>H2(o)x(j/2(o)y = ['^t^?«,R(^))](0, (5-49) 

and the second term on the right hand side in (15.470 is 

(c(c.,^0e-^^5,^>,,(^),(,,(^„, = [^,^,«3(c.))](0 (5.50) 

due to dLlSD. 

The combination of ([53ZD, (I53S1), (1^^ - flS3U]) . together with the definitions 



(I5.46P and the uniqueness of the Fourier transform, implies that, for P-almost all a; G fi, 

u+{uj,^,ip) = u+^K{uj,^,ip)+ {<^* EoS){uj,(l),ifi), (p e H'iR), if E 12(0), (5.51) 



where we use the notation introduced in Convention 12.81 It has been shown in Subsec- 
tions O and EXD that both u+{u) and m+,r(w) belong to H-'(R)^H^{0) for all u e n. 
As a consequence, the bilinear mapping 

($ * EoS){uj) : H'{R) X ^2(0) ^ C 
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extends for P-almost all u E Q continuously to the domain H *(R) x H ^{O). This 
extension also belongs to iJ^'^(R)(§)/7g (O). For all w G f2 such that f l5.5ip does not hold 
we redefine := 0, so that ($ * EoS){uj) belongs to H-'{R)®H^{0) for all 00 E n. 

Estimates fl2.ip . f l5.12p . fl5.36p and the measurability of u+,r proved at the end of Subsec- 
tion [5]3]T] imply that M+.R is an element of L2 (fi, J't, P; H-'{R)^H^{0)) . The embedding 
H-'(R)(g)H^{0) ^ H-'(R)^H\0) yields m+,r G L2{n, Tt,'^; H-'{R)0H^{O)) . Since 
u+ also belongs to L2{il, Tt,^', H~''(R)(g)H^{0)) , so does $ * EqS. Moreover, from the 
definition fl5.39p of $, the estimates fl2.1l) . fl5.12p . fl5.38l) . Lemma IHTl fi) and the continuity 
of the inverse Fourier transform T'^^ : L2(R, (1 + ^2)(i-°)/2-M^; c) ^ if^^-^^/^-^^jp^)^ one 

can derive the J-r/i3(iJ''^~"^/^~''(R))-measurability of $. This, together with the estimates 
fl^ . flET^ and (E3SD, yields $ G L2(n, Jt,P; //(^""^/^"'(R)). Together with flCTj) . this 
finishes the proof of the first assertion of Theorem 13.31 

The assertion (13. 7p has been verified at the end of Subsection 15.3.21 The assertion (13. 8 p 
is a consequence of (IS.lSp and (15.391) . Finally, the estimate (13. 9 p follows from (I5.12p . (I5.36p 
and (I5.4ip . Theorem 13.31 is proved. 

A Tensor products of Sobolev spaces 

In this section we present several supplementary details concerning tensor products of 
Sobolev spaces as introduced in Subsection 12.21 Let us first look at the connection to 
altenative definitions and at further properties of tensor products of Hilbert spaces; our 
references for the described setting are Defant and Floret P, Sections 2 and 26], Kadison 
and Ringrose [ISl Section 2.6], Treves [Ml Part III] and Weidmann Section 3.4]. 

Tensor products of Hilbert spaces 

Let "H and Q be separable complex Hilbert spaces. The (Hilbert-Schmidt) tensor product 
"H®^ is often introduced as an abstract completion of the algebraic tensor product H^Q. 

As in Subsection 12. 2[ ioi h E Ti and g E Q we denote hj h ^ g : Ti' x ^ C the 
bilinear functional defined by 

h(g)g{h',g') := {h, h')nxn' {9, 9') gxg' = h'{h)g'{g), h' E V.', g E Q' . 

Then, (a realization of) the algebraic tensor product l-L ® Q of "H and Q is given by the 
vector space of all bilinear functionals on %' x Q' of the form 

N 

J2h,^9j, (A.l) 

where hj E Ti, gj E Q, j = I, . . . , N and iV G IN", endowed with the natural vector addition 
and scalar multiplication; compare |6l Section 2.2] or [351 Chapter 42]. The algebraic tensor 
product is often alternatively introduced via the 'universal property' (see [HI Section 2.2] or 
[351 Chapter 39]) and thus uniquely determined up to an isomorphism, or it is defined as a 
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quotient space of formal expansions of the form (lA.ip . cf. [Ml Section 3.4]. We choose here 
the specific reahzation of the algebraic tensor product as a space of bilinear functionals on 
the product of the dual spaces to be coherent with Definition 12.51 
By setting 



N 



M 



N M 



^^{hj,hk)n{9j,gk)c 



(A.2) 



k=l 



j=i k=i 



where hj, hk 



G T-i, Qj^Qk G 3 = I,.. . ,N, k = 1, . . . , M and A^, M G IN, one defines a 
scalar product on "H®^. The Hilbert-Schmidt tensor product H^Q is often defined as the 
abstract completion of "H ® ^ w.r.t. this scalar product, cf. [3£!^ Section 3.4]. Let us show 
that this definition and Definition 12.51 are equivalent in the sense that they yield isometric 
isomorphic spaces. We note that the family of functionals 

hj0gk -.n' xg' <C,{h',g') ^ {h^,h')nxn'{9k,g')gxg', J,ke IN, 

is an orthonormal basis of the space of Hilberts-Schmidt functionals on H' x Q' (as defined in 
Subsection 12. 2p whenever (/ij)jg]N and {gk)ke¥i are orthonormal bases of T-L and Q. This fol- 
lows from [18j, Proposition 2.6.2], the fact that ((■, hj)'}{)j^Ts and {{■, gk)g)keM are orthonor- 
mal bases of T-L' and Q', and the identities {h' , {■, hj)y^)y^i = {hj, Ry^h')-}^ = {hj, h')y^xn' ^ 
{g', {■,gk)g)g' = {gk,Rgg')g = {gk,g')gxg'- Here Rn and Rg denote the conjugate linear 
Riesz mappings from H' to % and from Q' to Q, respectively. As a consequence, the al- 
gebraic tensor product "H 



Q is dense in the space l-L^Q as introduced in Definition 12.51 
Therefore, in order to verify that both definitions of l-L^Q are equivalent, it is sufficient 
to check that the norm ]| ■ W'^^g corresponding to the scalar product (1A.2P and the norm 
II ■ \\y^(^g in Definition 12 . 51 coincide on "H®^. To this end, consider a finite linear combination 
of simple tensors as in (lA.ip . let (/i'^)fce]N and {g[)i(z.^ be orthonormal bases of "H' and Q' , 
and observe that 



N 


2 




2 


hj ® gj 


= 5: 


^hj®g^ {hlg[) 




i=i 




N 


2 




= E 


Y{hj,h',^)nxw{gj,g'i) 


gxg' 






i=i 

N 





5^ J2 h',{K)h',{h,)g[{g,)g[{g,] 
k,i&m i,j=i 

N 

Y{hi,hj)n{gi,gj)g 

N ~ \ 2 
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by Parseval's equality. 

In the course of the proof of Theorem 13.31 we make use of the fact that the defini- 
tion of T-L^Q as the space of Hilbert-Schmidt functionals on T-i' x Q' entails the isometric 
isomorphisms to spaces of Hilbert-Schmidt operators 

K : n^g ^2(H'; g) and L : H®g ^2{g'; U) 

given by 

f{h\ g') = {{Kf)h', g')g^g, = {{Lf)g\ h')n^n', f e n^g, h' e V! , g' E g'. (A.3) 

We may therefore consider elements / G Ti^g as operators Kf G ^2{'H']g) or Lf G 
■^2{g'] 'H) whenever this point of view appears to be convenient. In doing so, we omit the 
explicit notation of the mappings K and L if no confusion is possible. 



Embeddings of tensor products of Sobolev spaces 

The Sobolev-Slobodeckij spaces of order s ^ on an arbitrary domain D C R"^ can be 
defined as follows, cf. fTOl. 



Definition A.l. Let D be an open subset of R'^ {d G and s ^ 0. The Sobolev- 
Slobodeckij space is the space of all square integrable, complex valued functions 
/ G L2{D) such that 

(i) D"/ G L2{D) for |a| ^ s, a G IN"^, if s G INq, 

(ii) / G ijW(D) and 

r r iD^ff.xl - D°fr?/ll^ 

dx dy < oo 




D J D 

d 



jj; y\2{s-[s\)+d 



for |a| = [sj, a G IN^ if s ^ INq. 

Here, |a| = Yl'^j=i = ^'"'/(c}"^ . . . 9"'^), and [sj G IN is the largest integer smaller 

than or equal to s. The space H'^{D) is endowed with the norm 



\\a\<:s J 



\a\ 

in case (i), and with the norm 

|2 \ 1/2 



in case (ii). 
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Recall from Subsection 12.21 that we put H '^{D) := (Hq^D))', s ^ 0. In particular, 
H-'(R'^) = {H^{R'^)y = {H'(R'^)y. In the proof of Theorem we use the following well- 
known characterization of the spaces if'^(R'^), s G R, in terms of the Fourier transform: 
One has 

H^iR") = {fe S'iR") : 11^-1(1 + I ■ r)^/V/L^(R.) < oo} , (A.4) 

for all s G R and || ^-""^(1 + | ■ ■ ||l2(R'') is an equivalent norm for H'^(R'^); see, e.g., 

[36] (Definition 2.3.1, the last identity in Theorem 2.3.2(d), Theorem 2.3.3, Theorem 2.5.1, 
Remarks 2.5.1/3, 2.5.1/4 and Theorem 2.6.1(a) therein). 

Also recall from Subsection 12. 2l that we identify L2{D) with its (topological) dual space 
(L2(-D))' via the isometric isomorphism L2{D) 3 v ^ {' ^^)l2{d) G (L2(-D))', so that we 
obtain a chain of continuous and dense (linear) embeddings 

H'^{D) ^ H'^iD) ^ L2{D) = (L^iD))' ^ (H'^iD))' ^ {H'\D))\ < si ^ ss, 

see Convention 12.61 The next proposition leads to a useful characterization of the re- 
spective embeddings of tensor products of Sobolev spaces, which will be used in the 
proof of Theorem 13. 3^ too. For Hilbert spaces T^i, 7^2, ^i, Q2 and bounded linear op- 
erators S e ^{Ui^Ui), T e ^(^i;^2), we denote by S^T G ^(Hi®^i; 7/28)^2) the 
bounded linear extension of the tensor product 5* ® T : Hi ® Qi 1-12 ® Q2 given by 
S®T{h®g):= {Sh) ® {Tg), heHi.ge Gi. 

Proposition A. 2. Let Hi, 'H21 Qii Q2 be separable complex Hilbert spaces and let 1 : 
"Hi ^ 7^27 J : ^1 ^ ^2 be continous linear embeddings. Then, the tensor product map 
i®j : Tii^Qi — )■ 7^28)^2 is a continous linear embedding that acts on elements / G "Hi 
via 

(i®J if)){h\g') = f{i'ih'),i'ig')), h' G H'2, g' G Q'2. 
where 1' : IH^ -> "H'^ and j' : ^2 ^1 operators to 1 and j. 

Proof. Let (6fc)fceiN and (e/)/g]N be orthonormal bases of "Hi and Qi, respectively, with 
dual orthonormal bases (&fc)fce]N := {{■,h)Hi) k^^f^ and (e'J/eiN := {{■ , ei) g^) of n'^ and 
Q[. Fix / G 'Hi®^2- Since (6^ ® ei)k,ii^]s<i is an orthonormal basis of Tii^Qi and since 
(/, h ® ei)-^^^g^ = f{b'f., e'l), we have the expansion 

f = •^(^'fc' ® 

in the space Tii^Qi. The tensor product i^j maps / to 

i®j(/)= E M,e;)i(6,)®j(e0, 

where the infinite sum converges unconditionally in 'H2®G2- Therefore, for all h' G 'H'2 and 
9' G ^2, 
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= /(^'A.,e;)(6fc,i'(/i')>^^^H,(Q,jV)>g,xg( 

where the infinite sum converges unconditionally in C. The injectivity of i®j follows from 
the injectivity of i and j and the bilinear structure of the tensor product spaces. □ 

For an arbitrary domain D G M!^ and smoothness parameters ^ S2 ^ S2, the dual 
embbedding 1' : {H'^{D))' ^ {H'^{D)y to the natural embedding 1 : H'^{D) ^ H'^{D) 
is the restriction of functionals on H^^{D) to the smaller domain H'^'^{D). Therefore, with 
respect to the tensor product spaces {H'^{I)y^H^{0), r, s ^ 0, where / = (0, T) or I = R, 
Proposition IA.2I states the following: For ^ si ^ S2 and ^ ri ^ r2 the embedding 

given by the tenor product i(8>j of the natural embeddings 1 : {H''^{I)y ^ {H''^{I)y and 
J : H''^{0) ^ H''^{0), acts on an element / G {H''^{I)y®H~'^{0) by restricting the 
bilinear functional / : H'^{I) x {H''^{0)y to the smaller domain H'''{I) x (/^^(C))'. Iden- 
tifying {H'{I)y®H'-{0) with the spaces of Hilbert-Schmidt operators ^2{H'{iy H'{0)) 
and ^2{{H'\0)y; {H'{I)y) according to f[0|l . it is clear that the embedding f[OD be- 
comes the restriction of operators T G ^2{H'^^{I); H^^{0)^ to the domain H^^[I) and the 
restriction of operators =Sf2((-ff^^((9))'; {H'^^{I)y) to the domain respectively. 

B General bounded polygonal domains 

In this section we state the extension of our main result to general bounded polygonal 
domains. It can be verified by following the lines of Secion [5l using instead of the results 
of Subsection 14.21 their generalization to the Helmholtz equation on arbitrary bounded 
polygonal domains; see [121 Chapter 2]. 

Let (9 C be a general bounded polygonal domain as specified at the beginning 
of Subsection 12.11 By Vj G R^, j G {1, ... ,n}, we denote the vertices of the boundary 
do, numbered according to their order within dO in counter-clockwise orientation. The 
respective interior angles of dO at these vertices are denoted by 7^- G (0,27r). With each 
vertex Vj we associate a system of polar coordinates {rj,9j) G [0, 00) x [0, 27r) with origin 
at Vj. For any point P in the plane, the r^-coordinate is the distance from P to Vj and the 
6'j-coordinate is the angle between the line segments VjVj+i and VjP; see Figure [T] below. 

In analogy to (13.11) . we set aj := n/'Jj and define corner singularity functions Sj : O ^ 
R associated to every vertex Vj such that 7^- > vr by 

Sj{rj, 9j) := r]j{rj, 9j)r"' sm{aj9j). (B.l) 

Here rjj G C°°{0; R) is a truncation function which does not depend on the ^^-coordinate, 
equals one near Vj and vanishes in a neighborhood of the sides of dO which do not end at 



43 




Figure 1: General bounded polygonal domain C 



Vj. We choose these truncation functions in such a way that their supports are disjoint. 
Further, for all j E {I, . . . ,n} such that > vr we define ipj G L2{0) by 

'iljj{rj,9j) := r]j{rj,ej)r~°'' sin(aj6'j), 

and G D{A^) is the unique solution in Hq{0) to the problem A(pj = Aipj. In analogy 
to fl3.2p . we define functions Vj{z) G ^2(0) for all ;s G C \ cr{AQ) and j G {1, . . . ,n} such 
that 7j > TT by 



TT 



where (2;idi:2(C)) ~^o) ^ ^ ■=^(-^2(C')) is the z-resolvent of A^. 
Now we can formulate the generalization of Theorem 13.31 

Theorem B.l. Let O G R"^ be a bounded polygonal domain with vertices G R^, j G 
{1, . . . ,n} and corresponding interior angles G (0, 27r) as described above. Let Assump- 
tion \2.1\ hold. letu = (M(t))tg[o,T] be the mild solution to Eq. (11.11) and letu+ be its extension 
by zero to the whole real line, considered as an element 0/ L2 (fi, J^^, P; L2(lR)®-ffo (O)) as 
described in Subsection \2.^A Let s > 1/2 and set aj := n/'jj- 
There exist 

n+,R G L2{n,J^T,'P] H~'{R)m\0)) n L2{n,J^T,'P] H-'{R)^H^{0)) 

and 

G L2(^^, Jt,P;^^^""^^/^"'(R)), j G {l,...,n} such that -fj > vr, 
with supp C [0, 00) for allu E Q (in the sense of distributions), such that the equality 

U+ = M+,R + ^ $j * Eq Sj 

7j>7r 
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holds in L2 J-^-, P; '^(M^^Hq^O)) . Here $j * EqSj denotes the element of the space 
L2{n,TT,^; H-'{R)0H^{O)) that acts on test functions (0, G H'{R) x ^2(0) 
H'{R) X H~\0)) via 

($, * Eo Sj) := ($, * 5,) {co, 4>, ^) 

:=($,-(u;)* / Eo(-,x)Si(x)(p(x)dx,(j)) , a; G fi, 

where Sj and Eq are given by (IB.ip anc? (13 .Sp . i?o(-, a;)5'j(x)v9(a;)dx denotes the func- 
tion R 9 t i-T- i?o(t, a;)S'j(x)v2(x)dx G R, and * zs t/ie ttstta/ convolution of Schwartz 
distributions. 
We have 

($j * EoSj){uj) i y iJ"(R)(g)ifi+"^(C) on G : 7^ 0} 

and $j zs determined in terms of its Fourier transform w.r.t. the time variable t G R as 
follows: For V-almost every w G 

[J^t^^{^j{uj))]{i) = (H{uj,i^),Vj{im ^ for X- almost every ^ G R, 

where vj and H are defined by flB.2l) and (13 ■4p . 

Moreover, 

^ C^{ho\\lio) + ll«(r)||L(o) + £ \\F{uit))\\l^^^dt+snp^^ \\G{m\\%,iUo-Mm)^ 

where C > depends only on s, T, O and the cut-off functions rjj in fIB.ip . and where 
u = {u(t))te[o,T] denotes the modification ofu = {u{t))te[o,T] that is continuous in L2{0; R). 

Similar to the proof of Corollary 13. 5^ using the disjointness of the supports of the 
corner singularity functions 5*^, one obtains the following decomposition of u in the space 
L2 {n, P; (i7^(0, T))'®Hl {O)) . 

Corollary B.2. Let the setting of Theorem \B. 1\ be given and consider the mild solution 
u = {u{t))telo,T] to Eq. (11.11) as an element 0/ L2 (fi, J-r, P; -^^2(0, T)®ifQ (C)) as described 
in Subsection \2.B . Let E : H'^^OjT) — )■ i7'*(R) be a linear and bounded extension operator. 
For u e Q, (p e H''{0,T), (f e H~^{0) and j G {1, . . . , n} with 7^ > vr define 

Mr(w, 0, if) := m+,r(w, £(t), MSj(w, 0, v?) := ($j * ^0 5'^) {u, Sep, if), 

where m+,r and $j * Eq Sj are as in Theorem \B.1[ 
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Then, 

Mr g L2 (fi, J-T, P; (i^^(0, T))'®/72(0)) n L2 (1), J-T, P; (//^(O, T))'®Hl{0)) , 

Ms,, G L2 (fi, J-T, P; (i^^(0, r))'®i7oi(0)) 
for all i G {1, . . . , n} SMc/i that ■jj > vr, anc? the decomposition 

holds as an equality in L2(n, J't,P; {H'{0,T)y^H^{O)). ForV-almost every u) &VL, 

Moreover, there exists a constant C > 0, depending only on s, T , O and the cut-off 
functions rij in (IB.ip . such that 

1E||wr||^j^s(o,t))'®//2(0) ^ C'E(lko|lL2(Ci) + lk(^)llL2(Ci) 

where u = (£t(t))fg[o,T] denotes the modification of u = ('u(t))je[o,T] ^^o^ is continuous in 
L2{0;R). 
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manuscript. 
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